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Abstract. We provide new estimates on character values of sym-
metric groups which hold for all characters and which are in some
sense best possible. It follows from our general bound that if a
permutation σ ∈ Sn has at most no(1) cycles of length < m, then
|χ(σ)| ≤ χ(1)1/m+o(1) for all irreducible characters χ of Sn. This
is a far reaching generalization of a result of Fomin and Lulov.

We then use our various character bounds to solve a wide range
of open problems regarding mixing times of random walks, cov-
ering by powers of conjugacy classes, as well as probabilistic and
combinatorial properties of word maps.

In particular we prove a conjecture of Rudvalis and of Vishne
on covering numbers, and a conjecture of Lulov and Pak on mixing
times of certain random walks on Sn.

Our character-theoretic methods also yield best possible solu-
tions to Waring type problems for alternating groups An, showing
that if w is a non-trivial word, and n � 0, then every element of
An is a product of two values of w.
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1. Introduction

The basic representation theory of symmetric groups was developed
a century ago, yet many questions on character values, essential for
various applications, remained largely open. Such estimates depend
on a choice of Young diagram λ (corresponding to the character) and
a choice of conjugacy class σSn (at which the character is evaluated).
There has been considerable progress in the combinatorics of Young
diagrams, their asymptotic shape, as well as in bounding character
values in the regime where λ is, in a suitable sense, well-behaved (see,
e.g., [Ro], [Bi], [RS] and the references therein). However, for many
applications it is essential to obtain good bounds which hold for all
characters, which is our goal here.

There has been particular interest in showing that character ra-
tios |χ(σ)|/|χ(1)| in Sn are very small (under suitable assumptions
on the character χ and the permutation σ). See for instance Roich-
man’s celebrated paper [Ro], showing that certain character ratios are
exponentially small. It turns out that such ratios are usually super-
exponentially small, namely bounded above by (n!)−ε for some ε > 0.

We look for upper bounds on the character value |χ(σ)| in terms of
the character degree χ(1). Particularly useful are bounds of the form

|χ(σ)| ≤ χ(1)α for all χ ∈ Irr Sn,

where α depends on σ and is as small as possible. A breakthrough
in this direction was obtained by Fomin and Lulov [FL] in 1996 for

very special permutations σ, called homogeneous. Let (af1

1 af2

2 · · · afk

k )
denote the conjugacy class of Sn consisting of the permutations which
decompose into fi ai-cycles (i = 1, . . . , k). It follows from [FL] that if
σ ∈ (mn/m), then

|χ(σ)| ≤ cn1/2(1−1/m)χ(1)1/m for all χ ∈ Irr Sn,

where c is an absolute constant. Now, most characters of Sn have super-
polynomial degree, in the sense that log χ(1)/ log n → ∞ as n → ∞.
For such characters χ it follows that

(1) |χ(σ)| ≤ χ(1)1/m+o(1).

Here and throughout this paper o(1) denotes a real number depending
on n which tends to 0 as n →∞.

Our first results provide bounds of this type for arbitrary permuta-
tions σ and arbitrary characters χ. We need some notation.

Let σ be a permutation in Sn. Let fix(σ) denote the number of fixed
points of σ, and let cyc(σ) be the number of cycles (including 1-cycles)
of σ. Given k ≥ 1 let fσ(k) denote the number of cycles of length k in
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the cycle decomposition of σ, and Fσ(k) :=
∑k

i=1 fσ(i) the number of
cycles of length at most k in that decomposition.

Next, let Σk denote the union of all σ-orbits of length at most k, so
that

|Σk| =
k∑

i=1

ifσ(i).

We define the orbit growth sequence of σ to be the sequence e1, e2, . . .
such that for every positive integer k,

ne1+···+ek = max(|Σk|, 1).

Thus any orbit growth sequence can be regarded as a probability mea-
sure on the positive integers. Let

E(σ) :=
∑
k≥1

ek

k
=

1

log n

∑
k≥1

log+ |Σk| − log+ |Σk−1|
k

denote the expected value of 1
n

for this measure. (Here log+ x =
max(log x, 0).)

We also define the cycle growth sequence of σ to be the sequence
b1, b2, . . . such that for every positive integer k,

nbk = max(Fσ(k), 1).

Define

B(σ) :=
∑
k≥1

bk

k(k + 1)
.

It is easy to see that B(σ) ≤ E(σ) ≤ 1. Moreover, we have E(σ) = 1
if and only if B(σ) = 1 if and only if σ = 1.

We can now state our main character-theoretic result.

Theorem 1.1. For all ε > 0 there exists N such that for all integers
n ≥ N , all permutations σ ∈ Sn, and all irreducible characters χ of Sn

we have
(i)

|χ(σ)| ≤ χ(1)E(σ)+ε;

(ii)

|χ(σ)| ≤ χ(1)B(σ)+ε.

The proof of part (i) is rather complicated, and is based on a new
concept of the virtual degree of a character developed here. We then
deduce part (ii) by showing that E(σ) ≤ B(σ) + o(1).

Roughly speaking, Theorem 1.1 shows that the only obstruction to
small character values is the existence of many short cycles in the un-
derlying permutation σ.
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Note that the orbit growth sequence (ek) of σ ∈ (mn/m) satisfies
em = 1 and ek = 0 for k 6= m. Thus E(σ) = 1/m and Theorem 1.1
implies the bound (1) above for all characters χ (not just those of
super-polynomial degree).

Theorem 1.1 has a whole range of applications to various fields. We
start by stating the character-theoretic ones.

Theorem 1.2. Let σ ∈ Sn and χ ∈ Irr Sn.
(i) If σ is fixed-point-free, or has no(1) fixed points, then

|χ(σ)| ≤ χ(1)1/2+o(1).

(ii) If m is a positive integer and σ has at most no(1) cycles of length
less than m, then

|χ(σ)| ≤ χ(1)1/m+o(1).

A result very similar to part (i) above was conjectured by Lulov and
Pak. Indeed, Conjecture 4.3 in [LP] states that, if σ is fixed-point-free,
then |χ(σ)| ≤ cn1/4χ(1)1/2 for all characters χ. Part (i) above shows
that this is true with a small error term (tending to 0).

Note that if σ ∈ (2n/2) and χ is a character whose degree is quadratic
in n, then |χ(σ)| is roughly χ(1)1/2. Thus part (i) above is best possible.

Part (ii) of Theorem 1.2 also generalizes the Fomin-Lulov inequality
(1), and can be shown to be best possible too.

In the next result we bound all character values of σ in terms of the
number of fixed points of σ. A recent result of Müller and Puchta [MS]
states that, if f = fix(σ), then |χ(σ)| ≤ χ(1)1−δ, where

δ = ((1− 1/ log n)−1 12 log n

log(n/f)
+ 18)−1.

Note that we always have δ < 1/30, even when σ is fixed-point-free.
Therefore the bound above is not strong enough to imply Theorem 1.2.
Here we prove a stronger bound as follows.

Theorem 1.3. Let σ ∈ Sn and let f = max(fix(σ), 1). Then for all
χ ∈ Irr(Sn) we have

|χ(σ)| ≤ χ(1)1− log(n/f)
2 log n

+o(1).

For example, if f = n1−α, then Theorem 1.3 shows that |χ(σ)| ≤
χ(1)1−α/2+o(1). This result has an intriguing consequence, showing that
one particular character value has strong implications for all character
values. Indeed, let χ0 ∈ Irr(Sn) be the irreducible character of degree
n− 1. Then χ0(σ) = fix(σ)− 1, and so

|χ0(σ)| ≤ χ0(1)1−α implies |χ(σ)| ≤ χ(1)1−α/2+o(1) for all χ ∈ Irr(Sn).
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Our final character estimate uses the number of cycles as the main
parameter.

Theorem 1.4. Fix α ≤ 1 and let σ ∈ Sn be a permutation with at
most nα cycles. Then for all χ ∈ Irr(Sn) we have

|χ(σ)| ≤ χ(1)α+o(1).

This improves a technical result from [LaSh], where it is shown that
cyc(σ) ≤ n1/128 implies |χ(σ)| ≤ χ(1)1/63.

Theorem 1.4 is essentially best possible. For example let k = nα and
σ ∈ (1k−1(n − k + 1)), and let χ0 be the degree n − 1 character of Sn

as above. Then cyc(σ) = nα and χ0(σ) = nα − 2.

Aside from its intrinsic interest, the study of character values of
symmetric groups has important applications to various fields; these
include random walks, covering numbers, subgroup growth, Fuchsian
groups, Riemann surfaces and other fields. See for instance [LiSh2] for
more details.

Random walks on symmetric groups with respect to a conjugacy class
C as a generating set have been studied extensively in the past decades.
See Diaconis and Shahshahani [DS] for transpositions, Lulov [Lu] and
Vishne [V] for homogeneous classes, Lulov and Pak [LP] and Müller
and Schlage-Puchta [MS]. A main problem investigated is determining
the mixing time T (C) of the random walk, namely the time t required
until we reach an almost uniform distribution on An or Sn \ An (note
that the sign after t steps of the walk is fixed). See also Diaconis
[D1], [D2] for more background, and Section 4 below for the exact
definition of the mixing time T (C). Here we obtain very general results,
and in particular determine the mixing time up to a surprisingly small
multiplicative constant.

We start with our main result on mixing time, which follows from
Theorem 1.1 above.

Theorem 1.5. For every positive integer t and ε > 0 there exists N
such that if n ≥ N and σ ∈ Sn satisfies

E(σ) ≤ 1− 1/t− ε

then
T (σSn) ≤ t.

The same result holds with B(σ) replacing E(σ).
We now present various consequences of this theorem. The first one

solves the natural asymptotic question, for which classes C the mixing
time is bounded. It turns out that the answer depends only on the
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number of fixed points of the permutations in C, which we denote by
fix(C).

Theorem 1.6. A series of conjugacy classes Cn ⊂ Sn has bounded
mixing time if and only if there exists ε > 0 such that

fix(Cn) ≤ n1−ε

for all large enough n.

We note that the necessity of this condition was already observed in
[V], and the sufficiency is the main part.

The next theorem determines the mixing time essentially up to a
factor of 2.

Theorem 1.7. For any ε > 0 there exists N such that if n ≥ N and
σ ∈ Sn satisfies fix(σ) ≤ n1−ε, then

log n

log(n/f)
≤ T (σSn) ≤ 2

log n

log(n/f)
+ 1

where f = max(fix(σ), 1).

The case where fix(σ) = 0 received particular attention. In the
homogeneous case, where C = (mn/m), a breakthrough was made in
Lulov’s thesis [Lu]. It is shown there that T (C) = 3 if m = 2 and
T (C) = 2 if m ≥ 3.

It remained an open problem whether similar results hold for all
fixed-point-free classes. See Lubotzky’s survey [Lub] (where this prob-
lem is mentioned, and stated – too optimistically? – as solved). In
[LP, 4.1] the following is stated as a main conjecture.

Lulov-Pak Conjecture: Let Cn be a sequence of conjugacy classes
in Sn with no fixed points. Then (for n � 0) the mixing time T (Cn)
is either 2 or 3.

Here we prove this conjecture, even allowing some fixed points.

Theorem 1.8. Let C = σSn.

(i) If σ is fixed-point-free, or has at most no(1) fixed points, then
T (C) ≤ 3 for all large n.

(ii) If σ has at most no(1) cycles of length 1 and 2 then T (C) = 2 for
all large n.

We now turn to applications of our character theoretic results to
covering problems.

Given a conjugacy class C 6= {1} in a finite simple group G, there
exist integers k such that Ck = G. Define the covering number cn(C, G)
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of C in G to be the minimal such k. Substantial work has been devoted
to the study of these covering numbers (see e.g. [AH, EGH, LL, LiSh1]).
In [LiSh1] they are determined for all finite simple groups G and classes
C up to an (unspecified) multiplicative constant.

A particular challenge is to show that C2 = G in certain cases.
Indeed a conjecture of Thompson states that every finite simple group
G has a class C with this property. In spite of considerable progress
this is still open in general.

Now let C = σSn be a conjugacy class in Sn. When can we say that
C2 = An? This problem has quite a long history. Gleason [Hu] seems
to have been the first to observe that C2 = An if σ is an n-cycle. See
also Bertram [Be]. Later this was generalized by Brenner [Br] to the
case where σ consists of two cycles (or more generally two non-trivial
cycles with few additional fixed points). The case of permutations with
more general cycle structure remained wide open for a long time.

In the recent work [LaSh] we show that if σ ∈ Sn has at most n1/128

cycles, and n is sufficiently large, then (σSn)2 = An. Here we improve
it as follows.

Theorem 1.9. For every ε > 0 there exists N such that if n ≥ N and
σ ∈ Sn is a permutation with at most n1/4−ε cycles, then (σSn)2 = An.

Moreover, if σ has no fixed points, then cyc(σ) ≤ n1−ε already implies
(σSn)2 = An

It turns out that a much weaker assumption can be made on the
number of cycles of σ, provided σ doesn’t have many cycles of length
1 and 2. Indeed we have

Theorem 1.10. For all ε > 0 there exists N such that for all n ≥ N
and all σ ∈ Sn, if

(2) cyc(σ) <

(
1

4
− ε

)
n

and any of the following conditions is satisfied, then (σSn)2 = An:

E(σ) <
1

4
− ε,(3)

fix(σ2) < n1/4−ε,(4)

fix(σ) = 0 and fix(σ2) < n1−ε.(5)

The above theorem has various consequences. One, which turns out
to be quite useful in the study of word maps, is the following.
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Corollary 1.11. For all ε > 0 there exists N such that for all n ≥ N
and all σ ∈ Sn,

E(σ) ≤ 1/4− ε implies (σSn)2 = An.

The precise covering number of classes in Sn was largely unknown,
even in the homogeneous case. The following conjecture is posed in
[BR] (attributed to Rudvalis) and more recently in [V].

Rudvalis-Vishne Conjecture: If m ≥ 4, then (mn/m)2 = An for all
n divisible by m.

The case m = 4 is settled in [BR]. Using Theorem 1.10 we settle the
general conjecture for all large n.

Theorem 1.12. There exists N such that, if m ≥ 4 and n ≥ N is a
multiple of m, then (mn/m)2 = An.

For m ≥ 5 we also prove an extended version of the Rudvalis-Vishne
conjecture, where we allow some fixed points. For instance we show
that (1amb)2 = An if a is bounded and n � 0 (in fact a ≤ n1/4−ε

suffices). This result has nice applications to Waring-type problems for
word maps. See the end of Section 7 for details.

The results above have a somewhat unexpected consequence. While
up to now results of the form C2 = An were proved for very few and
special classes C, it follows from our results that for almost all σ ∈
Sn we have (σSn)2 = An. Indeed, by the Erdős-Turán theory [ET] a
random permutation in Sn has about log n cycles, and so by Theorem
1.9 the square of its class is An.

Moreover, using Corollary 1.11 and other tools, we can show that
the probability that (σSn)2 = An tends to 1 rather fast.

Theorem 1.13. For every ε > 0 there exists N such that, if n ≥ N
and σ ∈ Sn is randomly chosen, then (σSn)2 = An with probability
≥ 1− exp(−n1/4−ε).

In general we define the covering number cn(C, Sn) of a non-trivial
class C in Sn to be the minimal integer k ≥ 2 such that Ck is a coset
of An in Sn. Our methods have applications also to classes with higher
covering numbers. We show the following.

Theorem 1.14. There exists N such that for all n ≥ N and all σ ∈ Sn

with fix(σ) ≤ n/5 we have (
σSn
)4

= An.
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The exponent 4 here is best possible. Indeed, there are even fixed-
point-free classes C whose covering number is 4, for instance C = (2n/2)
(see [V]).

One of the motivations behind the above result is a somewhat surpris-
ing consequence regarding connections between covering and mixing.
In general it is known that bounded covering number does not imply
bounded mixing time. Also if C is a class of mixing time t then the
covering number of C is not necessarily bounded by t (though it can be
bounded by 2t). However, we show below that bounded mixing time
implies covering number at most 4.

Corollary 1.15. Let Cn ⊂ Sn (n > 1) be a series of conjugacy classes
such that the mixing times T (Cn) are bounded. Then we have C4

n = An

for all sufficiently large n.

This result is again best possible. Indeed, the class C = (2n/2) has
mixing time 3 and covering number 4.

Our final result on covering numbers deals with arbitrary classes.
Recall that the support of a permutation σ ∈ Sn is n − fix(σ). It is
easy to see that for any class C ⊂ Sn of permutations of support s we
have

cn(C, Sn) ≥ dn/se.
Indeed, if k < n/s then all the permutations in Ck have support ≤
ks < n.

Using Theorem 1.14 we show the following.

Theorem 1.16. Let 1 6= σ ∈ An be a permutation of support s and let
C = σSn. Then

cn(C, An) ≤ 4dn/se.

The constant 4 here is best possible, as shown by the case C = (2n/2).
In fact our proof shows that if s ≤ n/5 or s ≥ 4n/5 then cn(C, An) ≤
4bn/sc.

The final applications of our study of character values are related to
word maps. By a word we mean an element w = w(x1, . . . , xd) of the
free group on x1, . . . , xd. Given a group G, the word w gives rise to a
map fw : Gd → G induced by substitution. We let w(G) ⊆ G denote
the image of fw, namely the set of values of w in G.

In recent years there has been growing interest in word maps and
their images, especially in connection to algebraic groups, free groups,
profinite groups, and Waring type problems in simple groups. See Borel
[Bo] for algebraic groups, Nikolov and Segal [NS1], [NS2] for profinite
groups, as well as [LiSh1], [DPSSh], [L], [Sh] and [LaSh].
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Recall that Waring problem, solved by Hilbert, states that every
positive integer is a sum of g(k) kth powers, for some suitable function
g. See for instance [Na] for details and extensive background.

Group theoretic versions of this problem have been studied lately,
where one attempts to express group elements as short product of val-
ues of a word w. It is shown in [Sh] that for every word w 6= 1 there is
a number N = Nw such that if G is a finite (non-abelian) simple group
of order at least N , then

w(G)3 = G.

The character estimates and methods developed in this paper enable
us to obtain more refined information on the behavior of word maps
on symmetric and alternating groups.

Theorem 1.17. Let w be a non-identity word. Choose σ1, σ2 ∈ w(An)
at random (with uniform distribution on w(An)). Then, as n → ∞,
the product σ1σ2 is almost uniformly distributed on An

This means that, if, for π ∈ An, P (π) is the probability that π =
σ1σ2, and U is the uniform distribution on An, then ‖P − U‖ → 0 as
n → ∞, where the norm is the L1-norm. Thus a random walk on An

with the generating set w(An) has mixing time 2.
In fact the same method establishes a similar result for σi ∈ wi(An)

(i = 1, 2), where w1, w2 are two non-identity words.
There is another sense in which a product of two non-identity words

behaves randomly.

Theorem 1.18. Let w be a non-identity word in d variables. Consider
the map f : A2d

n → An defined by

f(σ1, . . . , σd, τ1, . . . , τd) = w(σ1, . . . , σd)w(τ1, . . . , τd).

(i) If σ1, . . . , σd, τ1, . . . , τd ∈ An are randomly chosen, then
f(σ1, . . . , σd, τ1, . . . , τd) is almost uniformly distributed on An.

(ii) The map f is almost measure preserving, namely, if Y ⊆ An

then
|f−1(Y )|/|A2d

n | = |Y |/|An|+ o(1).

(iii) If X ⊆ A2d
n then

|f(X)|/|An| ≥ |X|/|A2d
n | − o(1).

The results on measure preservation can be compared with recent
results from [GSh] on measure-preservation of commutator maps, and
of the word map associated to x2

1x
2
2.

Our proof of Theorem 1.18 combines the character bounds proved
here with an interesting result of Nica [Ni] on the typical cycle structure
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of w(σ1, . . . , σd). Again, a similar result holds for the map sending
σ1, . . . , σd, τ1, . . . , τe to w1(σ1, . . . , σd)w2(τ1, . . . , τe), where w1 ∈ Fd and
w2 ∈ Fe are any two non-identity words.

Note that Theorems 1.17 and 1.18 imply |w(An)2|/|An| → 1 but they
do not imply w(An)2 = An for large n. However, by combining results
from [Ni] with our present results on covering numbers we show the
following.

Theorem 1.19. Let w be a non-identity word in d variables, and let
σ1, . . . , σd ∈ An be d randomly chosen elements. Then

(w(σ1, . . . , σd)
Sn)2 = An

with probability tending to 1 as n →∞.
In particular w(An)2 = An for all large n.

An alternative proof of the second assertion above will appear in
[LaSh]; it uses highly non-elementary methods, involving algebraic ge-
ometry, analytic number theory and groups of Lie type. Our proof
here uses other tools (such as free probability through [Ni] and more
delicate character bounds) and gives a bit more, namely that the class
of a random w-value already has covering number 2.

Note that w(An) (being characteristic in An) is a normal subset of
Sn, and by results from [LaSh] it is very large, namely

|w(An)| ≥ |An|n−29/9−o(1).

Can we deduce that w(An)2 = An just from these facts?
It turns out that the answer is positive. In fact our final result shows

that W 2 = An even for much smaller normal subsets W .

Theorem 1.20. Let W ⊆ An be a normal subset of Sn, and suppose

|W | ≥ |An| exp(−n1/4−ε)

for some fixed ε > 0. Then there exists N depending only on ε such
that if n ≥ N then

W 2 = An.

In particular, if w 6= 1 is a word, then w(An)2 = An for all large n.

In [NP] Nikolov and Pyber use a method of Gowers [G] to prove
results of the form W 3 = G where W is a large subset of a finite group
G. More specifically, |W | should be at least |G|/k1/3 where k is the
minimal degree of a character 1 6= χ ∈ Irr(G).

While this method provides strong results for simple groups of Lie
type, the result for An is rather weak, since k = n − 1 in this case.
Obviously, taking W = An−1 ⊂ An we see that |W | ≥ |An|n−1 does
not imply W 2 = An for arbitrary subsets.
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This shows that the condition in Theorem 1.20 that W is a normal
subset is essential. With this assumption this theorem proves covering
in two (and not three) steps, which Gowers’ method cannot provide.

Our notation is rather standard. If P is a real function on the finite
group G, then ‖P‖ =

∑
g∈G |P (g)| denotes the L1-norm of P . We shall

use this norm to measure the distance between various probability dis-
tributions and the uniform distribution U on G. The so called Witten
zeta function ζG of G is defined by

ζG(s) =
∑

χ∈Irr(G)

χ(1)−s,

where Irr(G) is the set of complex irreducible characters of G. The zeta
function of Sn plays a major role in this paper (see [LiSh2] for some of
its properties). The idea is to use Theorem 1.1 and its consequences to
reduce important formulae involving character degrees and values to
certain values of ζSn involving character degrees alone, and then apply
known properties of ζSn .

Finally, some words on the structure of the paper.
In Section 2 we define the notion of the virtual degree D(λ) of a

Young diagram λ. We show that it is a good approximation for the
degree χλ(1) of the character associated with λ. Using this notion we
then study character values in Section 3, where Theorems 1.1–1.4 are
proved.

Section 4 is devoted to random walks on Sn and to the proof of
Theorems 1.5–1.9. We combine our estimates on character values with
the Diaconis-Shahshahani upper bound lemma [DS] to bound the dis-
tance from the uniform distribution by a certain value of ζSn , thereby
bounding the mixing time. In Section 5 we study covering numbers of
conjugacy classes C in Sn and prove results 1.10–1.12 and 1.14–1.16.
Here too character bounds play a key role, but they only show that cer-
tain permutations σ (with E(σ) not too large) lie in the suitable power
Ck; to show that the remaining permutations also lie there we develop
a cancellation method. Consequently, the arguments in Section 5 are
partly probabilistic and character-theoretic, and partly combinatorial,
based on explicit constructions.

Section 6 is devoted to more general mixing and covering problems,
where conjugacy classes are replaced with normal subsets, and are al-
lowed to change over time. This is where results 1.13 and 1.20 are
proved. The generalizations to normal subsets are essential in the study
of various properties of word maps in Section 7, where we also apply
[Ni] and prove theorems 1.17–1.19. We end this paper with yet another
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proof of the w(An)2 = An theorem, which is based on the extended
Rudvalis-Vishne conjecture established here.

2. Virtual degrees

In this section and the next we give upper bound estimates for the
characters of irreducible representations of symmetric groups. We as-
sume the reader is familiar with the basic representation theory of
symmetric groups, see for instance James [Ja] for background.

Let n be a positive integer and λ a Young diagram with n = |λ|
boxes, with rows of length λi. Let

(a1, . . . , am|b1, . . . , bm)

be the Frobenius notation for λ, i.e., ai := λi − i and bi := λt
i − i. If λ′

is another Young diagram, we write λ′ ≤ λ if λ′i ≤ λi for all i. Let χλ

denote the character of the irreducible representation of Sn associated
to λ. We write d(λ) := χλ(1) and define

D(λ) :=
(n− 1)!∏m
i=1 ai!bi!

.

We call D(λ) the virtual degree of χλ. The idea, developed in this
section, is that the virtual degree can be viewed as an approximate
substitute for the actual degree, one which is easier to work with when
using the Murnaghan–Nakayama rule.

Recall that by the Hook Formula [Ja, 20.1],

d(λ) = χλ(1) =
n!∏
hij

,

where hij = λi + λt
j + 1− i− j are the hook lengths of λ.

Throughout this section we set a := a1, b := b1, c := n − (a +
b + 1), s := a + b. We write h(λ) for the product of hook lengths
associated with the a boxes in the first row, excluding the upper left
corner. Likewise v(λ) is the product of hook lengths for the b boxes in
the first column excluding the upper left corner.

Lemma 2.1. For all Young diagrams λ we have

a! ≤ h(λ) ≤ (a + 1)
c/aa!

b! ≤ v(λ) ≤ (b + 1)
c/bb!
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Proof. We recall the inequality of Hardy–Littlewood–Pólya [HLP, Sec-
tion 3.17]. If x1 ≥ x2 ≥ · · · ≥ xa, y1 ≥ y2 ≥ · · · ≥ ya, and for
1 ≤ i ≤ a,

x1 + x2 + · · ·+ xi ≥ y1 + y2 + · · ·+ yi,

with equality when i = a, then we say that the sequence xi majorizes
the sequence yi. If xi majorizes yi and f(x) is convex, then

(6) f(x1) + f(x2) + · · ·+ f(xa) ≥ f(y1) + f(y2) + · · ·+ f(ya).

If x1, . . . , xa ≥ 0 is a decreasing sequence of integers with sum c, and

y1 − 1 = · · · = yr − 1 = yr+1 = · · · = ya = bc/ac,
where r = c−bc/acxa, then the sequence xi majorizes the sequence yi.
(Note that yi is the unique non-increasing a-term sequence of integers
with sum c.) Applying (6) with f(x) = − log x, we deduce that

(x1 + a) · · · (xa−1 + 2)(xa + 1)

is maximized when xi = yi for all i. Therefore,

a! ≤ h(λ) ≤ a!
xa∏
i=1

a + i

i

r∏
j=1

a + xa + 2− j

a + xa + 1− j
.

As the fraction a+xa+2−j
a+xa+1−j

is increasing in j and

a∏
j=1

a + xa + 2− j

a + xa + 1− j
=

a + xa + 1

xa + 1
,

we have

h(λ) ≤ a!(a + 1)xa

(
a + xa + 1

xa + 1

)r/a

≤ a!(a + 1)
c/a.

The argument for columns is the same. �

We now turn to the main result of this section.

Theorem 2.2. We have

lim
|λ|→∞

log D(λ)

log d(λ)
= 1.

Proof. For any Young diagram λ, let λi denote the diagram obtained
from it by omitting the first i rows and the first i columns. Let

A(λ) :=
D(λ)

D(λ1)
=

(n− 1)!

a!b!(n− s− 2)!
(where (−1)! = 1 by our convention)

and

a(λ) :=
d(λ)

d(λ1)
=

n!

(s + 1)h(λ)v(λ)(n− s− 1)!
,
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where the last inequality follows from the Hook Formula.
We claim that for all ε > 0 there exists Nε such that

C−1
|λ| a(λ)1−ε ≤ A(λ) ≤ C|λ|a(λ)1+ε,

where Ci := Nε if i < Nε and Ci := 1 if i ≥ Nε. This claim implies the
theorem since

D(λ) =
∞∏
i=0

D(λi)

D(λi+1)
=

∞∏
i=0

A(λi),

d(λ) =
∞∏
i=0

d(λi)

d(λi+1)
=

∞∏
i=0

a(λi),

and
∞∏
i=0

C|λi| < NNε
ε .

To prove the claim it is enough to show that

lim
|λ|→∞

log A(λ)

log a(λ)
= 1.

When a = 0 or b = 0 we have a(λ) = A(λ), so we assume that a and
b are positive and therefore that A(λ) → ∞. We fix an integer k > 0
and assume that s > k2. We now consider the following cases:

I. c ≤ k2;
II. c > k2 and min(a, b) ≤ k;

III. a, b > k, k2 < c ≤
√

ks;
IV. a, b > k, c >

√
ks.

In every case we have

A(λ)

a(λ)
=

h(λ)v(λ)(s + 1) max(c, 1)

a!b!n
≥ h(λ)v(λ)

2 a!b!
≥ 1

2
.

I. By Lemma 2.1,

A(λ)

a(λ)
< (a + 1)k2/a(b + 1)k2/bk2 < 4k2

k2.

As a(λ) � A(λ) � a(λ) and A(λ) →∞,

(7) lim
|λ|→∞

log A(λ)

log a(λ)
= 1.

II. The hook length of the box i ≥ 0 units from the right end of the
first row is ≤ b+1+ i and that of the box j ≥ 0 units from the bottom
in the first column is ≤ a + 1 + j. Therefore,

A(λ)

a(λ)
<

(
a + b

a

)(
a + b

b

)
(s + 1) < s2k(s + 1)
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and

A(λ) =
(n− 1)!

a!b!(c− 1)!
>

(n− 1)!

s!(c− 1)!
>

(s + k2 + 1)!

s!(k2)!
>

sk2+1

(k2)!
.

Thus

(8) 1 + o(1) <
log A(λ)

log a(λ)
<

k2 + 1

k2 − 2k
+ o(1).

III. By Lemma 2.1,

A(λ)

a(λ)
<
[
(a + 1)

1/a(b + 1)
1/b
]c

c <
(
(k + 1)

2/k
)c

c <
(
1 + k−

1/2
)ck−1/4

c

if k sufficiently large. Moreover,

A(λ) >
(n− 1)!

s!(c− 1)!
=

s + 1

1

s + 2

2
· · · s + c− 1

c− 1

s + c

c
> (1 + k−

1/2)c.

Thus,

(9) 1 + o(1) <
log A(λ)

log a(λ)
<

1

1− k−1/4
+ o(1).

IV. As in paragraph II,

A(λ)

a(λ)
<

(
a + b

a

)(
a + b

b

)
(s + 1) < 4a+b(s + 1) = 4s(s + 1)

and

A(λ) >
(n− 2)!

s!(c− 1)!
≥
(

s + s
√

k − 1

s

)
=

(
s
√

k

1
· · · s

√
k + s− 1

s

)
>
√

k
s

so

(10) 1 + o(1) <
log A(λ)

log a(λ)
<

log k

log k − log 16
+ o(1).

Now, sending k →∞, equations (7)–(10) imply the theorem.
�

We also need the following result, relating the virtual degrees of a
Young diagram and its sub-diagram.

Lemma 2.3. If λ′ ≤ λ, then

log D(λ′)

log D(λ)
≤ log |λ′|

log |λ|
.
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Proof. For fixed λ′, assuming without loss of generality a′1 ≥ b′1, and
fixed |λ|, the value of log D(λ) is minimized when a1 = a′1 + |λ| − |λ′|,
ai = a′i for i ≥ 2, and bi = b′i for all i. It follows that there exists K ≥ 1
such that

D(λ) =
(|λ| − 1)!

a1!K
,

D(λ′) =
(|λ′| − 1)!

a′1!K
,

and so

log D(λ′)

log D(λ)
=

log(|λ′| − 1) + log(|λ′| − 2) + · · ·+ log(a′1 + 1)− log K

log(|λ| − 1) + log(|λ| − 2) + · · ·+ log(a1 + 1)− log K

≤ log(|λ′| − 1) + log(|λ′| − 2) + · · ·+ log(a′1 + 1)

log(|λ| − 1) + log(|λ| − 2) + · · ·+ log(a1 + 1)

≤ log |λ′|
log |λ|

.

�

By the index of a box in a Young diagram λ, we mean the number
of squares to the left of it minus the number of squares above it. Thus
D(λ) equals (|λ| − 1)! divided by the product of the absolute values
of the indices of all boxes of λ of nonzero index. We recall that a rim
hook µ of λ is the union of a sequence of squares in λ such that each
box in the sequence is directly to the right of or directly above the
previous box and λ \ µ is a Young diagram. The indices of boxes in
a rim hook form a set of consecutive integers. The largest of these
integers corresponds to a box on the right of its row; if the integer
is positive, the row is among the first m. Likewise the smallest term
corresponds to a box on the bottom of its column and if it is negative,
then the column is among the first m.

If µ is a rim k-hook, i.e., a rim hook of length k, whose indices
c1 < · · · < ck are non-negative, its highest index box lies in the ith
row, i ≤ m, and

(11)
D(λ \ µ)1/k

D(λ)1/k
≤ ai

n− 1
.

Indeed,
D(λ \ µ)

D(λ)
=

ck

n− 1

ck − 1

n− 2
· · · ck − k − 1

n− k
,

and
ck − j

n− 1− j
≤ ck

n− 1
=

ai

n− 1
.
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If c1 < · · · < ck ≤ 0, the lowest index box lies in the jth column,
j ≤ m, and

(12)
D(λ \ µ)1/k

D(λ)1/k
≤ bj

n− 1
.

If c1 < 0 and ck > 0, then the highest index box lies at the end of the
ith row and the lowest index box lies at the bottom of the jth column,
1 ≤ i, j ≤ m, c1 = −bj, and ck = ai. Then

(13)

D(λ \ µ)1/k

D(λ)1/k
≤
[

bj! · 1 · ai!

(n− 1)(n− 2) · · · (n− ai − bj − 1)

]1/k

≤
[

(ai + bj)!

(n− 1)(n− 2) · · · (n− ai − bj)

]1/k

≤ ai + bj

n− 1
.

Combining equations (11)–(13), we deduce

(14)
∑

µ

(
D(λ \ µ)

D(λ)

)1/k

≤ 1

n− 1

m∑
i=1

ai +
1

n− 1

m∑
j=1

bj < 1,

where µ in the left hand summation ranges over all rim k-hooks.

3. Character values

In this section we use the estimates of the previous section, together
with the Murnaghan-Nakayama rule [Ja, 21.1], to prove Theorem 1.1.

Lemma 3.1. Let λ be a Young diagram with n boxes, and let σ be a
permutation in the class (1c12c2 · · · kck) of Sn. Let σ′ be a permutation
in (1c1 · · · (k − 1)ck−1) ⊂ Sn′. Then

|χλ(σ)|
D(λ)1/k

≤ sup
λ′

|χλ′(σ′)|
D(λ′)1/k

where λ′ ranges over all Young diagrams with n′ boxes which are con-
tained in λ.

Proof. If σ = ρτ , where ρ is a k-cycle and τ consists of the remaining
cycles in σ, then the Murnaghan–Nakayama rule gives an equality of
the form

χλ(σ) =
∑

µ

(−1)l(µ)χλ\µ(τ)

and therefore an inequality

(15) |χλ(σ)| ≤
∑

µ

|χλ\µ(τ)|,
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where the sum is taken over all rim k-hooks of λ. Clearly,

(16) |χλ\µ(τ)| ≤ D(λ \ µ)
1/k sup

λ′

|χλ′(τ)|
D(λ′)1/k

,

where λ′ ranges over all Young subdiagrams of λ containing n−k boxes.
By (15), (16), and (14),

|χλ(σ)|
D(λ)1/k

≤
∑

µ

|χλ\µ(τ)|
D(λ)1/k

≤
∑

µ

D(λ \ µ)1/k

D(λ)1/k
sup
λ′

|χλ′(τ)|
D(λ′)1/k

< sup
λ′

|χλ′(τ)|
D(λ′)1/k

.

The lemma now follows by induction on k. �

The above lemma for k = 1 yields the following result of independent
interest, relating the degree and the virtual degree.

Corollary 3.2. For every Young diagram λ we have

d(λ) ≤ D(λ).

We now prove Theorem 1.1.

Proof. We first prove part (i) of the theorem and then deduce part (ii).
Every orbit growth sequence is supported on {1, 2, . . . , k} for some

k. We prove the theorem by induction on k. The induction hypothesis
is

(17) |χλ(σ)| ≤ D(λ)e1+e2/2+e3/3+···+ek/k

if e1 + · · · + ek = 1. The case k = 1 is the inequality d(λ) ≤ D(λ)
given in the corollary above. Assume this hypothesis for k − 1. Let
σ ∈ 1c12c2 · · · kck and σ′ ∈ 1c12c2 · · · (k− 1)ck−1 , and let λ′ denote an n′-
box subdiagram of λ for which the supremum in Lemma 3.1 is achieved.
Let e′1, e

′
2, . . . denote the orbit growth sequence of σ′; thus,

e′i =

{
ei

e1+···+ek−1
if i < k

0 if i ≥ k.

By Lemma 2.3,

D(λ′) ≤ D(λ)
log n′
log n = D(λ)e1+···+ek−1 .
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By the induction hypothesis,

|χλ′(σ)| ≤ D(λ′)e′1+···+
e′k−1
k−1

= D(λ′)
e1+···+

ek−1
k−1

e1+···+ek−1
− 1

k D(λ′)
1/k

≤ D(λ)e1+···+
ek−1
k−1

− 1
k
(e1+···+ek−1)D(λ′)

1/k.

By Lemma 3.1,

|χλ(σ)|
D(λ)1/k

≤ D(λ)e1+···+(ek/k−1/k).

Equation (17) follows by induction, and part (i) of the theorem follows
from Theorem 2.2.

To deduce part (ii) it suffices to show that

E(σ) ≤ B(σ) + o(1).

Let (bk) be the cycle growth sequence of σ. Clearly b1 = e1 and in
general, since |Σi| ≤ iFσ(i) we have

i∑
j=1

ej ≤ bi +
log i

log n
.

Therefore, for every positive integer k,

E(σ) =
∞∑
i=1

ei

i
=

∞∑
i=1

1

i

i∑
j=1

ej −
∞∑
i=2

1

i

i−1∑
j=1

ej

=
∞∑
i=1

1

i

i∑
j=1

ej −
∞∑
i=1

1

i + 1

i∑
j=1

ej

=
∞∑
i=1

(
1

i
− 1

i + 1

) i∑
j=1

ej

≤
k∑

i=1

(
1

i
− 1

i + 1

) i∑
j=1

ej +
∞∑

i=k+1

(
1

i
− 1

i + 1

)

≤
k∑

i=1

(
1

i
− 1

i + 1

)
(bi +

log i

log n
) +

1

k + 1

≤
k∑

i=1

bi

i(i + 1)
+

log k

log n
+

1

k + 1
.
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Given ε > 0 choose k such that 1/(k + 1) < ε/2. Then for n � 0 we
have log k

log n
< ε/2 and so

E(σ) < B(σ) + ε.

This proves part (ii). �

We can now prove Theorems 1.2–1.4.

Proof. Setting f = max(fix(σ), 1), we have

e1 =
log f

log n
,

so

E(σ) ≤ e1 +
1− e1

2
≤ 1 + e1

2
≤ log n + log f

2 log n
= 1− log(n/f)

2 log n
,

and Theorem 1.1 implies Theorem 1.3. This in turn implies part (i) of
Theorem 1.2. For part (ii), we use the fact that if σ has less than nε

cycles of length less than m, then b1, b2, . . . , bm−1 ≤ ε, so

B(σ) =
∞∑
i=1

bi

i(i + 1)
=

m−1∑
i=1

bi

i(i + 1)
+

∞∑
i=m

bi

i(i + 1)
< ε +

1

m
.

Part (ii) of Theorem 1.2 now follows from part (ii) of Theorem 1.1.
For Theorem 1.4 we note that cyc(σ) ≤ nα implies bk ≤ α for all k.

Hence

B(σ) ≤
∞∑

k=1

α

k(k + 1)
= α.

The result now follows from part (ii) of 1.1.
�

4. Random walks

For a subset C of a finite group G, let PC denote the uniform distri-
bution on C, and set

P t
C = PC ∗ · · · ∗ PC︸ ︷︷ ︸

t times

,

where ∗ denotes convolution over G. Consider the random walk on G
starting with 1, and performing successive multiplications by randomly
chosen elements of C. Then the probability to reach g ∈ G after t steps
of this random walk on G based on C is P t

C(g).
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In this section C will be a conjugacy class of G, but we shall also
deal with general normal subsets in Section 6.

Let U = UG be the uniform distribution on G. Consider the L1-
distance ||P t

C(g) − U || between the two distributions defined above.
The mixing time T (C) of the random walk is defined as the minimal
time t such that

‖P t
C(g)− U‖ < 1/e.

In our asymptotic contexts (G, C) usually ranges over an infinite se-
quence (Gn, Cn), and when we say that T (Cn) ≤ t we usually prove a
somewhat stronger statement, that ‖P t

Cn
− UGn‖ → 0 as n →∞.

We start with the useful upper bound lemma of Diaconis and Shahsha-
hani [DS].

Lemma 4.1. With the above notation we have

‖P t
C − UG‖ ≤

∑
1 6=χ∈Irr G

χ(C)2t

χ(1)2t−2
.

When we study random walks on Sn based on a conjugacy class C,
the sign after t steps of the walk is fixed. If we then obtain an almost
uniform distribution on a coset of An (in the sense of L1-distance ≤ 1/e,
or tending to 0) we say that the mixing time is at most t.

For simplicity of notation we shall mostly discuss Sn-classes C which
are contained in An, the general case being very similar. If C = σ is
such a class, then standard Fourier techniques show that

(18) ‖P t
C − UAn‖ ≤

∑
χ∈Irr Sn,χ(1)>1

χ(C)2t

χ(1)2t−2
.

If C ⊂ Sn \ An then the same holds with the uniform distribution
UσtAn on σtAn, where σ ∈ C.

We also need a result from [LiSh2] concerning the Witten zeta func-
tion of Sn, defined by

ζSn(s) =
∑

χ∈Irr Sn

χ(1)−s.

Lemma 4.2. Fix a real number s > 0. Then we have

ζSn(s) = 2 + O(n−s).

In particular ∑
χ∈Irr Sn,χ(1)>1

χ(1)−s → 0 as n →∞.

We can now obtain the following
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Proposition 4.3. Let C be a conjugacy class of Sn and suppose C ⊂
An. Let γ > 0 be a real number satisfying

|χ(C)| ≤ χ(1)1−γ for all χ ∈ Irr Sn.

Then for an integer t > γ−1 we have

‖P t
C − UAn‖ → 0 as n →∞.

Consequently, if n is large enough (given γ), then the mixing time T (C)
satisfies

T (C) ≤ bγ−1]c+ 1.

Proof. Combining the bound (18) with the inequality |χ(C)| ≤ χ(1)1−γ

it follows that

‖P t
C − UAn‖ ≤

∑
χ∈Irr Sn,χ(1)>1

χ(1)−s = ζSn(s)− 2,

where s = 2tγ − 2. Since t > γ−1 we have s > 0, so applying Lemma
4.2 above we obtain

‖P t
C − UAn‖ = O(n−s),

which implies the first assertion. The second follows immediately from
the first. �

Proof of Theorem 1.5.
We have E(σ) ≤ 1 − 1/t − ε, so applying Theorem 1.1, there exists

N (depending on ε) such that if n ≥ N we have

|χ(σ)| ≤ χ(1)1−1/t−ε/2 for all χ ∈ Irr(Sn).

We now apply the above proposition with γ = 1/t+ ε/2. Since γ−1 < t
we obtain

T (σSn) ≤ [γ−1] + 1 ≤ t

for all n large enough. �

Proof of Theorem 1.6.
If T (C) is bounded then a result of Vishne [V] shows that for σ ∈ C

we have fix(σ) ≤ n1−ε for some ε > 0. It remains to prove the converse.
Suppose σ ∈ C and f = fix(σ) ≤ n1−ε where ε > 0. Then we have
E(σ) ≤ (1− ε) + ε/2 = 1− ε/2. Choose a minimal integer t > 2/ε and
let δ = ε/2− 1/t. Then E(σ) = 1− 1/t− δ, and so by Theorem 1.5 we
have

T (σSn) ≤ t = [2ε−1] + 1.

for all large n. The result follows. �

Proof of Theorem 1.7.
The upper bound on T (C) follows from the inequality above.
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The lower bound follows from the fact that if f = fix(σ) = n1−ε then
the intersection of the sets of fixed points of t random conjugates of σ
has expected cardinality n1−tε. Hence, if tε < 1, a random product of
t elements of C has too many fixed points and there is no mixing yet.
�

Proof of Theorem 1.8.
Let σ ∈ C.
If fix(σ) ≤ no(1) then

E(σ) ≤ 1/2 + o(1) ≤ 1− 1/3− ε,

for some ε > 0 and all n � 0. Applying Theorem 1.5 we conclude
that T (C) ≤ 3. This proves part (i) of the theorem and the Lulov-Pak
conjecture.

For part (ii), note that E(σ) ≤ 1/3 + o(1) so E(σ) ≤ 1− 1/2− ε for
some ε > 0 and all n � 0. It follows from Theorem 1.5 that T (C) = 2.
�

In fact our arguments give rise to the following quantitative solution
to the Lulov-Pak conjecture.

Corollary 4.4. Let Cn ⊂ Sn be a sequence of conjugacy classes with
no fixed points. Let σn ∈ Cn. Then for any fixed ε > 0 we have

‖P 3
Cn
− UσnAn‖ = O(n−1+ε).

Proof. As above we have χ(Cn) ≤ χ(1)1/2+o(1). Substituting this in
(18) gives ‖P 3

Cn
− UσnAn‖ ≤ ζSn(1 − δ) − 2 for any fixed δ > 0 and

n � 0. The result now follows from 4.2.
�

5. Covering numbers

The motivating problem of this section is to find, for each conjugacy
class C in a symmetric group Sn, the minimum constant k such that
Ck is a coset of An. (Of course, Ck is always contained in such a coset,
so this means Ck is as large as possible.) In particular, we prove that
for most C, in a suitable sense, C2 = An.

Our basic estimate is the following consequence of Theorem 1.1.

Proposition 5.1. For all ε > 0 there exists N such that for all n ≥ N
and all σ ∈ Sn and τ ∈ An with

2E(σ) + E(τ) < 1− ε,

we have τ ∈ (σSn)2.
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Proof. Let p denote the probability that xy = τ , where x and y are
independent, uniformly distributed random elements of σSn .

By a formula of Frobenius we have

(19) p =
1

n!

∑
χ∈Irr(Sn)

χ(σ)2χ̄(τ)

χ(1)
.

Note that the contribution of the two linear characters of Sn to the
right hand side is 2/n!, so∣∣∣∣ p− 2

n!

∣∣∣∣≤ 1

n!

∑
χ∈Irr(Sn),χ(1)>1

|χ(σ)|2|χ(τ)|
χ(1)

.

By taking N sufficiently large, we can guarantee that |χ(σ)| ≤
χ(1)E(σ)+ε/4 and |χ(τ)| ≤ χ(1)E(τ)+ε/4. This yields∣∣∣∣ p− 2

n!

∣∣∣∣≤ 1

n!

∑
χ∈Irr(Sn),χ(1)>1

χ(1)2E(σ)+E(τ)+3ε/4

χ(1)
=

1

n!
(ζSn(s0)− 2),

where
s0 := 1− 2E(σ)− E(τ)− 3ε/4.

Since 2E(σ) + E(τ) < 1− ε by our hypothesis it follows that s0 > ε/4.
Now, applying Lemma 4.2 above we have ζSn(s0)−2 → 0 as n →∞.

Therefore p = (2 + o(1))/n!, and so p > 0 when n is sufficiently large.
The result follows. �

We remark that in spite of its strength and novelty, this proposition
alone is never enough to prove (σSn)2 = An, since E(τ) can be arbi-
trarily close to 1. We must combine it with another technique which
works well when E(τ) is large, namely the cancellation method, which
we shall now develop.

For any permutation σ, define fσ(k) to be the number of k-cycles
in σ. We write fτ ≺ fσ ∗ fσ if and only if τ ∈ σSnσSn . Using the
natural embedding Sn1 × Sn2 ↪→ Sn1+n2 , we see that if f1 ≺ g1 ∗ g1 and
f2 ≺ g2 ∗ g2, then (f1 + f2) ≺ (g1 + g2) ∗ (g1 + g2). Turning this around,
f3 ≺ g3 ∗ g3 and f2 ≺ g2 ∗ g2 imply f1 ≺ g1 ∗ g1 as long as f1 := f3 − f2

and g1 := g3 − g2 take only nonnegative values. We can therefore use
a collection of simple expressions of the form f2 ≺ g2 ∗ g2 to perform
systematic reduction of this kind. The following three lemmas will be
used in this way.

Lemma 5.2. Let n ≥ 4. If (2c2 · · · rcr) is any even conjugacy class of
permutations, there exist c1 and m such that

(1c1 · · · rcr) ⊂ (nm)(nm).



26 MICHAEL LARSEN AND ANER SHALEV

Proof. Let the sequence a1, a2, . . . , ak ≥ 2 consist of ci repetitions of i
for 2 ≤ i ≤ r. Let m = 1

2

∑
(ai − 1). We claim that there exist σ, τ ∈

nm ⊂ Snm such that στ has exactly k non-trivial orbits X1, . . . , Xk,
|Xi| = ai, and for all i with ai ≥ 3, there exists j ∈ {1, 2, . . . ,mn} such
that {j, τ(j)} ⊂ Xi.

It is enough to check this for k = 1, in which case a1 is odd, and
for k = 2, when a1 and a2 are both even. We proceed by induction:
if the claim is true for a1, . . . , ak with ak ≥ 3, then it is true for
a1, . . . , ak−1, ak + 2. Indeed, if σ, τ ∈ (mn), στ has k non-trivial orbits
Xi, |Xi| = ai, and {j, τ(j)} ⊂ Xk, let

σ′ := σ((mn + 1) (mn + 2) · · · (mn + n))

and

τ ′ := (τ(j) (mn+1))[τ((mn+n) · · · (mn+2) (mn+1))](τ(j) (mn+1)).

The fixed points of σ′τ ′ are the fixed points of στ , together with mn +
3, . . . , mn + n. The στ -orbits X1, . . . , Xk−1 are σ′τ ′-orbits, as is

Xk ∪ {mn + 1, mn + 2}.

There are four base cases:

• a1 = 3

σ = (1 2 · · · n), τ = (n n− 1 · · · 3 1 2);

• a1 = a2 = 2

σ = (1 2 · · · n), τ = (n n− 1 · · · 4 1 2 3);

• a1 = 2, a2 = 4

σ = (1 2 · · · n)(1′ 2′ · · · n′),

τ = (n (n− 1) · · · 3 2 1′)(n′ (n− 1)′ · · · 4′ 2′ 3′ 1);

• a1 = 4, a4 = 4

σ =(1 2 · · · n)(1′ 2′ · · · n′)(1′′ 2′′ · · · n′′),

τ =(n n− 1 · · · 3 2 1′)(n′ (n− 1)′ · · · 3′ 1 2′′)(n′′ (n− 1)′′ · · · 3′′ 1′′ 2′).

�

Lemma 5.3. For all integers a ≥ 2 and b ≥ 1, there exist integers u
and v such that au = bv and

(bv) ⊂ (au)2.
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Proof. This follows from Proposition 5.1 as long as 2/a + 1/b < 1. So we
must consider the cases a = 2, b = 1, and (a, b) ∈ {(3, 2), (3, 3), (4, 2)}.
For these, it suffices to find some finite group G and elements x, y ∈
G of order a whose product is of order b. We then realize x, y as
permutations via the regular representation of G. The a = 2 case can
be handled with G a dihedral group, the b = 1 case with G cyclic, and
the remaining cases with G = S4. �

Lemma 5.4. For all positive integers a and b with 2/a + 1/b < 1, there
exist positive integers p, q and r such that

(br) ⊂ (1paq)(1paq).

Proof. Letting p := b, taking q divisible by b and sufficiently large, and
defining r := p+aq

b
, we can make sure that

2E(1paq) + E(br) < 1,

so the lemma follows from Proposition 5.1. �

We now prove Theorem 1.10 (and the weaker version, Theorem 1.9).

Proof. We can replace (2) by the equivalent condition that the average
cycle length exceeds 4 + ε′ for some fixed ε′ > 0.

Let τ be an element of An. We would like to show that if n is
sufficiently large, τ can be written as the product of two conjugates
of σ. We proceed by a sequence of reduction steps, mainly using the
cancellation method, until we reduce to a case which can be handled
by the character method.

Step 1. For any fixed integer N , we may assume without loss of
generality that the support of τ is ≥ N . Indeed, if fσ(k) > 0 for some
k ≥ N , then τ ∈ (σSn)2 since every element of Ak is the product of
two k-cycles by a theorem of Gleason [Hu]. On the other hand if every
cycle of σ has length less then N , then for n sufficiently large, we can
use Lemma 5.2 to represent τ .

Step 2. We may assume that if fk(σ) > 0, then f1(τ) < k, i.e., the
minimum orbit length k in σ is greater than the number of fixed points
of τ . Indeed, otherwise, we can cancel a k-cycle in σ against k 1-cycles
in τ . To justify this, we must check that we can perform the reduction
step repeatedly without sacrificing any of the hypotheses (2)–(5).

Let σ′ denote a permutation in Sn′ = Sn−k obtained by removing a
k-cycle from σ. The average cycle length of σ′ is at least as great as that
of σ, so (2) holds for σ′. If k ≥ 3, then (4) holds for σ′ unconditionally.
If k ≤ 2 and (4) holds for σ, then

fix(σ′
2
) = fix(σ2)− k < n1/4−ε − k < (n− k)1/4−ε = n′

1/4−ε
.
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If (5) holds for σ, then k ≥ 2. If k = 2, then

fix(σ′
2
) = fix(σ2)− 2 < n1−ε − 2 < (n− 2)1−ε = n′

1−ε
;

if k > 2, then fix(σ′2) = fix(σ2) = 0. In either case, (5) holds for σ′. If
(3) holds, then

E(σ′) =
1

log n′

∞∑
i=k

log+ |Σ′
i| − log+ |Σ′

i−1|
i

≤ 1

log n′

∞∑
i=k

log+ |Σi| − log+ |Σi−1|
i

=
log n

log n′
E(σ)

<
log n

log n′
(1
4
− ε
)
.

Iterating this process, we obtain new permutations, which we denote
σ′′ and τ ′′ in Sn′′ , such that fk(σ

′′) > 0 implies f1(τ
′′) < k, for which we

must show τ ′′ ∈ (σ′′Sn′′ )2. By Step 1, we know that n′′ ≥ N , where we
may take N as large as we wish. Conditions (2), (4), and (5) hold for
σ′′ if they hold for σ. For (3), if the minimal cycle length in σ′′ is ≥ 5,
replacing ε by ε′′ < 1/20, we have E(σ′′) < 1/4− ε′′. Otherwise, as we
have removed only 1-cycles, 2-cycles, 3-cycles, and 4-cycles, we have a
lower bound for n′′ linear in n, with a positive constant depending only
on ε. Setting ε′′ = ε/2,

E(σ′′) <
log n

log n′′
(1/4− ε) < 1/4− ε′′,

if n is sufficiently large. Replacing the original σ, τ , and ε (if necessary)
by σ′′, τ ′′ , and ε′′ (if necessary), we may therefore assume, without
sacrificing the original hypotheses, that fk(σ) > 0 implies f1(τ) < k as
claimed.

Step 3. We may assume that fτ (1) < n2/3. Otherwise, since all the
cycles in σ have length greater than fτ (1), there can be at most n1/3

cycles in σ. When n is sufficiently large the number of fixed points in
τ is more than 7 times the number of cycles in σ, and this implies τ is
a product of two conjugates of σ by [LaSh, Proposition 6.1].

Step 4. We may assume that fτ (1) < 12. Indeed, let k be the length
of the smallest orbit of σ. Otherwise, k > 12, so E(σ) ≤ 1/13. If
e1, e2, . . . is the orbit growth sequence of τ , then e1 ≤ 2/3, so E(τ) ≤
5/6. For n sufficiently large, τ ∈ σSnσSn by Proposition 5.1.
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Step 5. At this point we can complete the proof if (3) holds. Indeed,
if n is sufficiently large, fτ (1) < 12 implies E(τ) < 1

2
+ ε. The theorem

now follows from Proposition 5.1.
Step 6. For any integer r there exists s such that we may assume

that either σ has less than s a-cycles for all 2 ≤ a ≤ 4, or τ has
less than s b-cycles for all b ≤ r. Indeed we may cancel sets u of a-
cycles against sets of v b-cycles by Lemma 5.3 with au = bv ≤ s. If
σ′ ∈ Sn′ = Sn−au is obtained by removing u a-cycles from σ ∈ Sn, the
average cycle length of σ′ is greater than than of σ by (2). It is not
always the case that if σ satisfies (4) or (5), the same is true for σ′.
However, if this process is iterated and ultimately produces elements
σ′′, τ ′′ ∈ Sn′′ , then n−n′′ < 4(1/4−ε)n, so n′′ > 4εn. If we set ε′′ = ε/2,
then if n is sufficiently large, (4) and (5) hold with σ, n, and ε replaced
by σ′′, n′′, and ε′′ respectively. Replacing the original σ, n, and ε by
σ′′, n′′, and ε′′ respectively, the reduction step is justified.

Step 7. For any integer r there exists s such that we may assume
one of the following conditions holds:
(a) fσ(i) < s for 1 ≤ i ≤ 4.
(b) fσ(i) < s for 2 ≤ i ≤ r.
(c) fτ (i) < s for 1 ≤ i ≤ r.
Indeed, we are already assuming that σ has a bounded number of
2-cycles, 3-cycles, and 4-cycles. We use Lemma 5.4 to cancel combina-
tions of 1-cycles and a-cycles, 5 ≤ a ≤ r, in σ against b-cycles, b ≤ r,
in τ . Each such combination has at least one 1-cycle; as f1(σ) < n1/4−ε,
if n is sufficiently large we may assume that the length n′′ of the result-
ing permutation is at least n− n1/4. Replacing ε by ε/2, therefore, we
may assume that after all such cancellations are completed, the original
hypotheses are satisfied with the new σ, τ , n, and ε.

Step 8. We may assume that 2E(σ) + E(τ) < 1 − ε
20

. In case (a),
E(σ) < 1/5+o(1), and E(τ) = 1/2+o(1). In case (b), if r is sufficiently
large

E(σ) < 1/4− ε +
3/4 + ε

r + 1
+ o(1) < 1/4− ε/2 + o(1),

and E(τ) = 1/2 + o(1). In case (c),

E(σ) < max
(
1/4− ε +

3/4 + ε

3
,
1− ε

2
+

ε

3

)
+ o(1) =

1

2
− ε

6
+ o(1),

and taking r large enough, we may assume E(τ) < ε
12

.
The theorem now follows from Proposition 5.1. �

We can now easily deduce Corollary 1.11.
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Proof. Fix 0 < ε < 1/20. In view of Theorem 1.10 it suffices to show
that there exists N such that, if n ≥ N and σ ∈ Sn satisfies E(σ) ≤
1/4− ε then cyc(σ) < (1/4− ε)n.

Let (ek) be the orbit growth sequence of σ. Then we have

e1 + e2 + e3 + e4 ≤ 4(e1 + e2/2 + e3/3 + e4/4) ≤ 4E(σ).

Assuming E(σ) ≤ 1/4− ε we obtain

e1 + e2 + e3 + e4 ≤ 1− 4ε.

This shows that |Σ4| ≤ n1−4ε, namely at most n1−4ε points lie in σ-
cycles of length at most 4. Clearly σ has at most n/5 cycles of length
exceeding 4, and so

cyc(σ) ≤ n1−4ε + n/5 = (1/5 + n−4ε)n.

The right hand side is clearly < (1/4 − ε)n for n sufficiently large.
Corollary 1.11 is proved. �

We deduce Theorem 1.12 immediately.

Proof. The case m = 4 is in [BR], so suppose m ≥ 5. For any ε < 1/20
conditions (2) and (5) are satisfied. Hence Theorem 1.10 yields the
result. �

Note that Theorem 1.10 also implies the stronger version of the
Rudvalis-Vishne conjecture for n � 0, where some fixed points are
allowed (see the paragraph following Theorem 1.12).

We now prove Theorem 1.14.

Proof. We claim that there exists τ ∈ (σSn)2 such that the number of
cycles in τ of length at most 4 is bounded. Applying Theorem 1.10 to
τ we then obtain the required conclusion.

We prove the claim by the method of cancellation, τ being defined
precisely to make the needed cancellation work. The equation

(20) [(12)(34)][(23)(45)] = (12453)

shows that two 2-cycles and a 1-cycle in σ can be cancelled against a
5-cycle in τ . We can repeat this process as needed without sacrificing
the property

(21) fix(σ) ≤ n/5.

We may therefore assume either fσ(1) = 0 or fσ(2) ≤ 1.
If 0 ≤ k < m and k + m is odd, then

(1 2 · · · m)(k + 1 k + 2 · · · k + m)

is a (k + m)-cycle. If fσ(1) ≥ 2, fσ(m) > 0 for some m ≥ 3, and (21)
is satisfied, then cancelling an m-cycle and k 1-cycles in σ against an
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(m + k)-cycle in τ for a suitable value of k with m + k ≥ 5, we can
arrange that (21) is still satisfied, or fσ(1) ≤ 1 after the cancellation
has been carried out. Indeed we may take k to be the largest integer
≤ max(fσ(1), m − 1) of the same parity as m − 1. Iterating, we may
assume that fσ(1) ≤ 1, since the alternative, fσ(m) = 0 for all m ≥ 3,
fσ(2) ≤ 1, fσ(1) > 1, and (21) still satisfied, is impossible.

For 2 ≤ r ≤ 8 we use Lemma 5.3 to cancel sets of r-cycles in σ
against sets of 5-cycles in τ . Thus fσ(r) can be assumed bounded for
1 ≤ r ≤ 8.

For r ≥ 9, a single r-cycle in σ can be cancelled against one r-cycle
in τ or two r/2-cycles in τ depending on whether r is odd or even.
This implies that τ ∈ (σSn)2 can be chosen with a bounded number of
cycles of length at most 4, proving the claim.

�

Proof of Corollary 1.15.
This follows immediately from Theorem 1.5 and Theorem 1.14. In-

deed bounded mixing time of σSn implies fix(σ) ≤ n1−ε for all large n
where ε > 0, which yields fix(σ) ≤ n/5 for all large n, so (σSn)4 = An.
�

Before proving Theorem 1.16 we need the following.

Lemma 5.5. Let σ ∈ Sn be a permutation of support s and suppose
n/2 ≤ s < n. Then there exists a conjugate σ′ of σ in Sn such that σσ′

is fixed-point-free.

Proof. We use the cancellation method, using the fact that the follow-
ing products have no fixed points:

[(1 2 · · · k)][(n− k + 1 · · · m− 1 m)], k ≥ m/2, m > 2,(22)

[(1 2)(3 4 · · · k + 2)][(k + 2 1)(2 3 · · · k + 1)], k ≥ 1.(23)

The only point which requires care is that after each cancellation, the
number of remaining fixed points is still at least half the length of the
permutation.

Step 1. Using (22), with m−k = min(k, fσ(1)), we may assume that
if fσ(2) = 0 or fσ(2) ≥ 2, then fσ(k) = 0 for all k ≥ 3.

Step 2. Using (22) with m− k = min(k, fσ(1)− 1), we may assume
that if fσ(2) = 1 and fσ(1) ≥ 1 , then fσ(k) = 0 for all k ≥ 3.

Step 3. Using (22) with m = k, we may assume that if fσ(1) = 0
and fσ(2) = 1, then σ has exactly two cycles, one of length 2 and one
of length strictly greater than 2.

Step 4. Using (23), we may assume that σ belongs to (1i2j) with
i ≤ 2j, and j = 1 implies i > 0.
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Step 5. Using (22) with k = 2 and m = min(2, i), we may assume
j ≤ 2

Step 6. We have reduced to the cases (1i21), 1 ≤ i ≤ 2; and (1i22),
0 ≤ i ≤ 4. The j = 1 cases follow from (22) and this takes care of the
j = 2 cases with i ≥ 2. The cases (22) and (1122) follow from (23) and
(20) respectively.

�

We now turn to the proof of Theorem 1.16.

Proof. Write n = ks + r where 0 ≤ r < s and k = [n/s]. Let σ1, . . . , σk

be k conjugates of σ with disjoint support, and set τ = σ1 . . . σk. Then
τ has support ks and so fix(τ) = n− ks < s.

Case 1. s ≤ n/5.
Then (τSn)4 = An by Theorem 1.14. Since τ ∈ Ck it follows that

C4k = An. Thus

cn(C, Sn) ≤ 4k = 4[n/s]

in this case.

Case 2. s > n/5.
If r ≤ n/5 argument above still works, yielding the same conclusion.

So we may assume r > n/5 and in particular r > 0, so k + 1 = dn/se.
We claim that there exists a conjugate σk+1 of σ satisfying the fol-

lowing conditions:
(i) The support of σk+1 is disjoint from the support of σ1 · · ·σk−1.
(ii) σkσk+1 have support of size s + r.
Indeed, this claim follows immediately from the lemma above, ap-

plied for the symmetric group of degree s+r (acting on the fixed points
of σ1 · · ·σk+1).

Note that conditions (i) and (ii) imply that τ = σ1 . . . σkσk+1 is
fixed-point-free, and so (τSn)4 = An. This yields

cn(C, Sn) ≤ 4(k + 1) = 4dn/se,

completing the proof.
�
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6. Normal subsets

In this section we prove some more general results related to random
walks and covering. Here we allow the generating set of the walk to
change with time, and instead of conjugacy classes we deal with normal
subsets (namely unions of classes). Thus we are interested in sequences
W1, . . . ,Wk where each Wi ⊆ Sn is a normal subset, and in the random
variable x = x1 · · ·xk where xi ∈ Wi is randomly chosen.

We shall study the behavior of such random variables, and then apply
our results to word maps in the next section.

For simplicity of notation we shall assume our normal subsets are
contained in An and let U be the uniform distribution on An.

One of the main results of this section is the following.

Theorem 6.1. Let W1, . . . ,Wk ⊆ An be normal subsets of An, where
k ≥ 2. Suppose α1, . . . , αk are fixed real numbers in the interval [0, 1]
such that

(i) |An|/|Wi| ≤ exp(nαi) for all i = 1, . . . , k.
(ii) α1 + . . . + αk < k − 1.

Let Pi = PWi
, the uniform distribution on Wi.

Then for any γ < (k − 1) −
∑k

i=1 αi there exists a constant c (de-
pending only on γ) such that

‖P1 ∗ · · · ∗ Pk − U‖ ≤ cn−2γ.

In particular, if xi ∈ Wi are randomly chosen, then x1 · · ·xk is almost
uniformly distributed on An.

Before proving the theorem we make several remarks.
First, condition (i) above can be replaced by the weaker condition

|An|/|Wi| ≤ ncnαi for all i = 1, . . . , k, where c is some fixed constant.
This is because ncnαi ≤ exp(nαi+ε) for any ε > 0 and large enough n.

Secondly, we show that this result is essentially best possible. More
precisely, for any α1, . . . , αk ≥ 0 with α1 + . . .+αk ≥ k−1 we construct
normal subsets W1, . . . ,Wk satisfying |An|/|Wi| ≤ ncnαi for all i =
1, . . . , k such that ‖P1 ∗ · · · ∗ Pk − U‖ is bounded away from zero.

Indeed, choose an integer c > 1 and let Wi be the conjugacy class
(1cnαi (n − cnαi)) of Sn. We may assume Wi ⊂ An (adding 1 to the
length of the long cycle if needed). Let Fi be the set of fixed points of
a random element of Wi. Then the expected value E of |F1 ∩ . . . ∩ Fk|
is np1 · · · pk where pi = |Fi|/n = cnαi−1. Therefore

E = cknα1+...+αk−(k−1) ≥ ck ≥ 22 = 4.
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It follows that, if xi ∈ Wi is randomly chosen, and σ = x1 · · ·xk, then
the expected value of fix(σ) is at least ck. This implies that σ is not
almost uniform and ‖P1 ∗ · · · ∗ Pk − U‖ is bounded away from zero.

We now prove Theorem 6.1.
We need some preparations.

Lemma 6.2. The probability that a randomly chosen permutation σ ∈
Sn has at least f cycles of length i is at most (f !if )−1.

Proof. Let p(i, f, n) denote the above probability. It is well known that
the conjugacy class (if ) in Sfi has size (fi)!/f !if . Now, the probability
that σ ∈ Sn acts in any given way on a subset X of {1, . . . , n} of size
fi is (n−fi)!/n!. Hence the probability that σ(X) = X and σ induces
on X a permutation of type (if ) is (fi)!(n − fi)!/(n!f !if ). Summing
up over the

(
n
fi

)
subsets X of size fi we obtain

p(i, f, n) ≤
(

n

fi

)
(fi)!(n− fi)!/(n!f !if ) = (f !if )−1.

�

The next result sheds light on the distribution of the random variable
E(σ) occurring in Theorem 1.1.

Proposition 6.3. Fix a real number 0 < α < 1. For every ε > 0 there
exists N such that, if n ≥ N , then the probability that a randomly cho-
sen permutation σ ∈ Sn satisfies E(σ) ≤ α is at least 1− exp(−nα−ε).

Proof. Given α and 0 < ε < α fix an integer c > 2/ε, 1/α, and define

f = c−2nα−1/c.

Note that for large n we have f > nα−ε/2.
Let T be the set of permutations in Sn having less than f i-cycles

for all i = 1, . . . , c− 1. By the previous lemma we have

1− |T |/|Sn| ≤
c−1∑
i=1

(f !if )−1 ≤ (c− 1)/f !.

Our choice of f implies (c− 1)/f ! < exp(−nα−ε) for large n, and so

|T |/|Sn| > 1− exp(−nα−ε).

To prove the proposition it therefore remains to show that if σ ∈ T
then E(σ) ≤ α.

Indeed, let σ ∈ T and let 1 ≤ i < c. Then the union of the σ-orbits of
length at most i has size at most (1+2+ . . .+ i)(f−1) < c2f ≤ nα−1/c.
Define a sequence (ek) satisfying

e1 := α− 1/c, ec := 1− (α− 1/c), ek := 0 for k 6= 1, c.
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Then it is easy to see that

E(σ) ≤
∑
k≥1

ek/k = e1 + ec/c < α− 1/c + 1/c = α.

This completes the proof. �

Proof of Theorem 1.13.
We apply Proposition 6.3 with α = 1/4 − ε/2 (and ε/2 replacing ε)

to deduce that E(σ) ≤ 1/4− ε/2 with probability ≥ 1− exp(−n1/4−ε).
Now, by Corollary 1.11, E(σ) ≤ 1/4− ε/2 implies (σSn)2 = An for all
n � 0. The result follows.

�

Combining the above proposition with Theorem 1.1 we obtain a re-
sult of some intrinsic interest.

Proposition 6.4. Fix 0 < α < 1. For every ε > 0 there exists N such
that if n ≥ N and σ ∈ Sn is randomly chosen, then the probability that

|χ(σ)| ≤ χ(1)α for all χ ∈ Irr Sn

is at least 1− exp(−nα−ε).

Proof. Fix 0 < ε < α. The above proposition shows that there exists
N1 such that for all n ≥ N1, the probability that σ ∈ Sn satisfies
E(σ) ≤ α− ε/2 is at least 1− exp(−nα−ε).

By Theorem 1.1 there exists N ≥ N1 such that if n ≥ N and E(σ) ≤
α− ε/2 then

|χ(σ)| ≤ χ(1)α for all χ ∈ Irr Sn.

The result follows. �

In the next result we study the typical behavior of E(σ) and |χ(σ)|
where σ is chosen from some large subset W of An.

Corollary 6.5. Fix 0 < α < 1 and let W ⊆ An be a subset satisfying
|An|/|W | ≤ exp(nα), and let σ ∈ W be randomly chosen.

(i) For any ε > 0 there exists N depending only on ε such that if
n ≥ N then the probability that E(σ) ≤ α + ε is at least 1− exp(−nα).

(ii) For any ε > 0 there exists N depending only on ε such that if
n ≥ N then the probability that

|χ(σ)| ≤ χ(1)α+ε for all χ ∈ Irr(Sn)

is at least 1 − exp(−nα). In particular this probability tends to 1 as
n →∞.
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Proof. For each real number β let

C(β) := {σ ∈ An : E(σ) ≤ β}.
By Proposition 6.4 we have

U(An \ C(α + ε)) ≤ exp(−nα+ε/2)

for all sufficiently large n. Therefore

PW (W \C(α + ε)) ≤ exp(−na+ε/2) · |An|/|W | ≤ exp(−nα+ε/2) exp(nα).

Since exp(−nα+ε/2 + nα) ≤ exp(−nα), we see that

PW (W \ C(α + ε)) ≤ exp(−nα),

which proves part (i). Part (ii) follows from part (i) (applied say with
ε/2) using Theorem 1.1.

�

The following is an extension of the Diaconis-Shahshahani upper
bound lemma to (possibly) different conjugacy classes. The proof is
very similar and so we omit it.

Lemma 6.6. Let C1, . . . , Ck ⊂ An be conjugacy classes of Sn, and let
Pi = PCi

. Then

‖P1 ∗ · · · ∗ Pk − U‖ ≤
∑

χ∈Irr(Sn),χ(1)>1

|χ(C1)
2 · · ·χ(Ck)

2|
χ(1)2k−2

.

The next result can be regarded as an extension of Theorem 1.5 for
the case of random walks with different conjugacy classes.

Proposition 6.7. Let C1, . . . , Ck ⊂ An be conjugacy classes of Sn, let
σi ∈ Ci, and let αi = E(σi), Pi = PCi

. Suppose α1+ . . .+αk < k−1−γ
for some fixed γ > 0. Then there exists constants c, N (depending only
on γ) such that if n ≥ N we have

‖P1 ∗ · · · ∗ Pk − U‖ ≤ cn−2γ.

In particular P1 ∗ · · · ∗ Pk is almost uniform as n →∞.

Proof. Since (k − 1) −
∑k

i=1 αi > γ by our assumption we can choose
ε > 0 such that

(k − 1)−
k∑

i=1

αi − kε > γ.

By Theorem 1.1 there is N > 0 such that for all χ and i = 1, . . . , k we
have

|χ(Ci)| ≤ χ(1)αi+ε.
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Plugging this into the upper bound of the previous lemma we obtain

‖P1 ∗ · · · ∗ Pk − U‖ ≤
∑

χ∈Irr(Sn),χ(1)>1

|χ(1)|2(kε+
Pk

i=1 αi)

χ(1)2k−2
= ζSn(s)− 2,

where s = 2((k − 1) −
∑k

i=1 αi − kε) > 2γ. Therefore, by Lemma 4.2
there is a constant c (depending on γ) such

ζSn(s)− 2 ≤ ζSn(2γ)− 2 ≤ cn−2γ.

We conclude that for all n ≥ N we have

‖P1 ∗ · · · ∗ Pk − U‖ ≤ cn−2γ.

This yields the first conclusion, and the second one follows too. �

Proof of Theorem 6.1.
We adopt the notation of the theorem. We have γ < (k−1)−

∑k
i=1 αi.

We can therefore choose ε > 0 such that

γ + kε < (k − 1)−
k∑

i=1

αi.

Now define, for i = 1, . . . , k, α′
i := αi + ε, and

Ti := {σ ∈ Wi : E(σ) ≤ α′
i}.

Then by Corollary 6.5 we have

|Ti|/|Wi| ≥ 1− exp(−nαi).

Since Wi is a normal subset, so is Ti. Therefore each Ti is a union of con-
jugacy classes Cij, so the distribution PTi

can be written as
∑

j aijPCij
,

where aij > 0 and
∑

j aij = 1. This shows that

‖PT1 ∗ · · · ∗ PTk
− U‖ ≤

∑
j1,...,jk

a1j1 · · · akjk
‖PC1j1

∗ · · · ∗ PCkjk
− U‖.

Let γ be as in Theorem 6.1. It follows from Proposition 6.7 (applied
with α′

i in the role of αi) that there is a constant c1 such that for all
n � 0 and j1, . . . , jk we have

‖PC1j1
∗ · · · ∗ PCkjk

− U‖ ≤ c1n
−2γ.

This easily implies

‖PT1 ∗ · · · ∗ PTk
− U‖ ≤ c1n

−2γ.

It also follows that

‖PWi
− PTi

‖ ≤ c2 exp(−nαi).
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Using this and the fact that ‖P ∗Q‖ = ‖P‖ ·‖Q‖ we easily deduce that

‖PW1 ∗ · · · ∗ PWk
− U‖ ≤ cn−2γ

for some fixed c > c1 and large enough n. Theorem 6.1 is proved. �

The case W1 = . . . = Wk = W in Theorem 6.1 leads to the following
mixing time theorem for random walks based on a large normal subset.

Theorem 6.8. Let W ⊆ An be a normal subset of Sn, and let k ≥ 2.
Suppose |An|/|W | ≤ exp(nα) where α < 1 − 1/k. Then for all n � 0
the mixing time T (W ) is at most k.

The case k = 2 is of particular interest.

Corollary 6.9. Let W ⊆ An be a normal subset of Sn. Suppose

|An|/|W | ≤ exp(n1/2−ε)

for some fixed ε > 0. Then for all n � 0 we have T (W ) = 2.

The condition on |W | is essentially best possible. For example take
W to be the conjugacy class of an l-cycle where l = n− 2n1/2 say. See
more details in the discussion following Theorem 6.1.

We conclude this section proving Theorem 1.20 on covering proper-
ties of normal subsets. We need the following.

Proposition 6.10. Fix 0 < α < 1/4 and let W ⊆ An be a normal
subset of Sn satisfying

|An|/|W | ≤ exp(nα).

Then there exists N depending only on α such that, if σ ∈ W is
randomly chosen, then the probability that (σSn)2 = An is at least
1− exp(−nα).

Proof. Let ε = (1/4 − α)/2 > 0. Applying Corollary 6.5 we conclude
that there exists N1 depending on α such that, if n ≥ N1 and σ ∈ W
is randomly chosen, the probability that

E(σ) ≤ α + ε = 1/4− ε

is at least 1− exp(−nα).
Now, by Corollary 1.11, there exists N ≥ N1 depending on ε such

that, if n ≥ N then

E(σ) < 1/4− ε implies (σSn)2 = An.

The result follows.
�

We can now prove Theorem 1.20.
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Proof. This follows immediately from Proposition 6.10, since for n � 0
the probability that (σSn)2 = An is positive, and W ⊇ σSn . �

Results 6.9 and 1.20 constitute useful tools in the next section, deal-
ing with applications to word maps.

7. Word maps

In this section we apply our results and methods to the study of
word maps. Our aim is two-fold: to analyze probabilistic properties
of word maps on An, and to provide best-possible solutions to related
Waring-type problems. In particular we give three different proofs that
for any non-identity word w we have w(An)2 = An for all large n.

We start by proving Theorem 1.17, showing that a random walk on
An based on w(An) has mixing time two.

Proof. Let w 6= 1 be a word. By [LaSh], if W = w(An) then

|An|/|W | ≤ n29/9+o(1) ≤ exp(no(1)).

Applying Corollary 6.9 we immediately conclude that

T (w(An)) = 2

for all n � 0. �

We also obtain the following extended and more refined version of
Theorem 1.17.

Corollary 7.1. Let w1, w2 be any non-identity words. Then for any
ε > 0 we have

‖Pw1(An) ∗ Pw2(An) − U‖ = O(n−2+ε).

In particular Pw1(An) ∗ Pw2(An) is almost uniform as n →∞.

Proof. This follows from Theorem 6.1 with k = 2, Wi = wi(An) and
α1 = α2 = ε/5. �

We now discuss an important result of Nica [Ni] which will be ap-
plied in the proofs below. We need some notation. A word 1 6= w =
w(x1, . . . , xd) ∈ Fd is called primitive if it is not a proper power of
another word. Given a word w 6= 1 we can write w = ve where v
is a primitive word and e is a positive integer. We refer to e as the
exponent of w. Given w and positive integers n, i, j we let Pn,i,j(w)
denote the probability that, as σ1, . . . , σd ∈ Sn are randomly chosen,
the permutation w(σ1, . . . , σd) has at least j cycles of length i.

We can now state Nica’s theorem.
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Theorem 7.2. Let w 6= 1 be a word of exponent e in Fd. Fix positive
integers i, j. Then we have

|Pn,i,j(w)− Pn,i,j(x
e
1)| → 0 as n →∞.

For example, if w is primitive then we have Pn,i,j(w) = Pn,i,j(x1) +
o(1), so the limit distribution of the number of i-cycles in w(σ1, . . . , σd)
is the same as that of the number of i-cycles in a random permutation
σ1, which is well known to be given by a Poisson distribution.

In order to prove Theorem 1.18 we need some preparations. We first
show, using Theorem 7.1 above as a main tool, that the invariant E(σ)
is very small on random word values.

Proposition 7.3. Let w = w(x1, . . . , xd) be a non-trivial word and fix
ε > 0. Choose σ1, . . . , σd ∈ Sn at random. Then the probability that

E(w(σ1, . . . , σd)) < ε

tends to 1 as n →∞.

Proof. Since E(σ) ≤ B(σ)+ o(1) it suffices to prove a similar result for
the invariant B instead of E. Hence it suffices to show that for every
δ > 0 there exists N such that for all n ≥ N , as σ1, . . . , σd ∈ Sn are
chosen at random, the probability that

B(w(σ1, . . . , σd)) < δ

is at least 1− δ.
Let e be the exponent of w. Given δ > 0 choose a positive integer i

such that 1/(i + 1) < δ.
We claim that there is an absolute constant c such that, for any

integer f ≥ 2, the probability that σe
1 has at least e2if cycles of length

at most i is bounded above by c/f !.
To show this note that the number of cycles of length at most i in

σe
1 is at most e times the number of cycles of length at most ei in σ1.

Thus, if σe
1 has at least e2if cycles of length ≤ i, then σ1 has at least

eif cycles of length ≤ ei. This implies that, for some k ≤ ei, σ1 has
at least f cycles of length i. By Lemma 6.2 the latter event holds with
probability at most

ei∑
k=1

(f !kf )−1 < c(f !)−1,

where c =
∑

k≥1 k−2 = π2/6. This proves the claim.
Now, choose f ≥ 2 so that c/f ! < δ. It follows from the claim above

that the probability that σe
1 has at least e2if cycles of length at most

i is less than δ.
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By Nica’s theorem above, assuming n � 0, the same holds for the
probability that σ = w(σ1, . . . , σd) has at least e2if cycles of length
at most i. This shows that with probability > 1 − δ the cycle growth
sequence (bk) of σ satisfies

bk <
log(e2if)

log n
for all k ≤ i.

It follows that, with probability > 1− δ we have

B(σ) =
∑
k≥1

bk

k(k + 1)
<

log(e2if)

log n
+
∑
k>i

1

k(k + 1)
=

log(e2if)

log n
+

1

i + 1
.

Since 1
i+1

< δ we can choose N such that for all n ≥ N we have

log e2if/ log n + 1
i+1

< δ. It follows that for such n we have B(σ) < δ
with probability > 1− δ as required.

This completes the proof. �

We can now show that character values of random word values are
usually very small.

Theorem 7.4. Let w = w(x1, . . . , xd) be a non-trivial word and fix
ε > 0. Choose σ1, . . . , σd ∈ Sn at random. Then the probability that

|χ(w(σ1, . . . , σd))| ≤ χ(1)ε for all χ ∈ Irr(Sn)

tends to 1 as n →∞.

Proof. This follows immediately combining the above result with The-
orem 1.1. �

Proof of Theorem 1.18.
We first prove part (i) of the theorem.
Fix 0 < ε < 1/3. By the theorem above, for n � 0 the probability

that
|χ(w(σ1, . . . , σd))| ≤ χ(1)ε for all χ ∈ Irr(Sn)

is at least 1 − ε. The same holds for the probability that randomly
chosen π ∈ An satisfies

|χ(π)| ≤ χ(1)ε for all χ ∈ Irr(Sn).

Suppose now that w(σ1, . . . , σd), w(τ1, . . . , τd), and π satisfy the
above character inequalities. Let C and D denote the Sn-conjugacy
classes of w(σ1, . . . , σd) and w(τ1, . . . , τd). Let N(C, D, π) denote the
number of ways to write π = στ where σ ∈ C and τ ∈ D. Then we
have

N(C, D, π) =
|C||D|

n!

∑
χ∈Irr(Sn)

χ(C)χ(D)χ̄(π)

χ(1)
.
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Now, ∑
χ∈Irr(Sn)

χ(C)χ(D)χ̄(π)

χ(1)
= 2 +

∑
χ∈Irr(Sn),χ(1)>1

χ(C)χ(D)χ̄(π)

χ(1)
.

By our assumptions |χ(C)| ≤ χ(1)ε, and the same holds for |χ(C)| and
|χ(π)|. Therefore

|
∑

χ∈Irr(Sn),χ(1)>1

χ(C)χ(D)χ̄(π)

χ(1)
| ≤

∑
χ∈Irr(Sn),χ(1)>1

χ(1)3ε−1 = ζSn(1−3ε)−2.

Since 1 − 3ε > 0 we have ζSn(1 − 3ε) − 2 = o(1) by Lemma 4.2. We
conclude that

N(C, D, π) = (2 + o(1))
|C||D|

n!
= (1 + o(1))

|C||D|
|An|

.

In particular, for any δ > 0 there exists N such that if n ≥ N then π
can be written in at least (1 − δ)|C‖D|/|An| ways as a product of an
element of C with an element of D.

Letting C, D, π vary (assuming the same bounds on their character
values) it follows that, for n ≥ N , at least (1 − ε)|An| permutations
π ∈ An can be written as

π = w(σ1, . . . , σd)w(τ1, . . . , τd)

in at least (1 − ε)2(1 − δ)|An|2d−1 ways. For π ∈ An let P (π) be
the probability that π = w(σ1, . . . , σd)w(τ1, . . . , τd) as σi, τj ∈ An are
randomly chosen. Then P is a probability distribution on An, and for at
least (1−ε)|An| elements π ∈ An we have P (π) ≥ (1−ε)2(1−δ)|An|−1.
Letting ε, δ → 0 this easily implies

‖P − U‖ → 0 as n →∞.

Part (i) of Theorem 1.18 is proved.
Parts (ii) and (iii) are elementary consequences of part (i). Indeed, a

function which is almost uniformly distributed in the L1-norm is almost
measure preserving. See for instance [GSh] for more details. �

Theorem 1.18 has interesting consequences. For example, applying
part (iii) of the theorem for the set X of generating pairs of An, whose
size is (1− o(1))|A2

n| (see Dixon [Di]), we obtain

Corollary 7.5. Fix an integer k > 0. Then, as n → ∞, almost all
permutations π ∈ An can be written as π = σkτ k where σ, τ generate
An

Finally we prove Theorem 1.19.
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Proof. Fix 0 < ε < 1/4. By Proposition 7.3, if σ1, . . . , σd ∈ Sn are
randomly chosen, then

E(w(σ1, . . . , σd)) < ε

with probability tending to 1 as n → ∞. It now follows using Corol-
lary 1.11 that (w(σ1, . . . , σd)

Sn)2 = An with probability tending to 1.
Note that this implies a similar result when σ1, . . . , σd are chosen

randomly from An. This proves the first assertion.
In particular it follows that, if n is large enough given w, then

(σSn)2 = An for some σ ∈ w(An). Since w(An) ⊇ σSn we conclude
that w(An)2 = An for all n � 0. Theorem 1.19 is proved.

�

We conclude this paper with a third proof of the w(An)2 = An

theorem, based on the extended Rudvalis-Vishne conjecture established
here. The idea is to use almost semiregular embeddings of suitable p-
groups in An, giving rise to almost homogeneous classes in w(An). We
need the following.

Proposition 7.6. For any word w 6= 1 there exist positive integers
m ≥ 5 and c such that, for every positive integer n we have w(An) ⊇
(1amb) for some a, b ≥ 0 with a ≤ c.

Proof. Fix a prime p ≥ 5. Let w ∈ Fd. Since the free group Fd

is residually-p, there exists a finite p-group H such that w(H) 6=
{1}. Choose such a p-group of minimal order (depending on w alone).
Choose an element 1 6= h ∈ w(H).

Set c = |H| − 1. We may assume n ≥ c (otherwise the result holds
trivially with a = n, b = 0). Write n = q|H|+a where q, a are integers,
q ≥ 1 and 0 ≤ a ≤ c. Let φ be an embedding of H into Sn with q
regular orbits and a orbits of size 1. Note that φ(H) ⊆ An since p is
odd.

Finally, let σ = φ(h), and let m be the order of h. Then m ≥ p ≥ 5,
and σSn = (1amb) for some b ≥ 1. Clearly σ ∈ φ(w(H)) = w(φ(H)) ⊆
w(An), and so w(An) ⊇ (1amb) as required.

�

Now, by the extended Rudvalis-Vishne conjecture, stated after The-
orem 1.12, we have (1amb)2 = An for n � 0. Combining this with
Proposition 7.6 we conclude that w(An)2 = An for n � 0.
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