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A group G is acceptable if a homomorphism ¢ from a finite group I" to G is
determined up to conjugation by the conjugacy classes of the elements ¢(7y). Some

progress is made toward classifying acceptable Lie groups.

§0. Introduction

Let G denote the set of real points of a linear algebraic group and I' a finite
group. Let G¥ denote the set of conjugacy classes of G. For any homomorphism
¢: T — G, let ¢ denote the composition of ¢ with the canonical map G —
GP. If, for two homomorphisms ¢1,¢e: I' — G, gbg = qbg, we say that ¢, and
@2 are element G-conjugate. We would like to know whether two element-
conjugate homomorphisms ¢1, ¢ must be globally G-conjugate, i.e., whether
#% determines the isomorphism class of ¢. We call a Lie group G acceptable if
element-conjugacy implies global conjugacy for every finite I' and every pair of
homomorphisms I' — G.

The general question of the relation between element-conjugacy and global
conjugacy arises in many contexts in algebra, number theory, and geometry.
The particular slice of the question considered in this paper was motivated by
multiplicity-one questions in the theory of automorphic forms [1]. Thanks to the
theorem of Sunada [9], it is closely related to the question of when a compact
group can be the common covering space of a pair of non-isometric isospectral
manifolds. In fact, if ¢1, ¢o are element-conjugate homomorphisms I' — G, and
the image groups ¢;(I') are not conjugate in G, then G/¢1(I') and G/¢2(I") are
such a pair. Note that if I' has outer automorphisms, ¢;(I') may be globally
conjugate even if ¢; are not. In a subsequent paper, we will give examples of
isospectral manifolds arising in this way.

This paper is a step toward the classification of acceptable groups. The first
section is devoted to generalities, including the reduction to the case of semisimple

groups G. The remaining two sections give an incomplete treatment of the case
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that GG is simple, §2 being devoted to acceptable and §3 to unacceptable groups.
All algebraic groups are assumed to be connected unless otherwise specified,
though the associated real Lie groups may not be.

As a specimen of the results presented below, the following table summarizes

what is now known about the acceptability of the complex simple Lie groups:

Root System Group Acceptable Unacceptable Unknown
An_q SL(n, C) all
Aon—1 SL(2n,C)/{£l}n=1 8|n otherwise
Apin—1 SL(mn, C)/ tim all (m > 3)
B, (n>2) Spin(2n+1,C) n=2 n>4 n=3
SO(2n+1,C) all
C, (n>3) Sp(2n,C) all
PSp(2n, C) 8|n otherwise
D, (n>4) Spin(2n,C) n>5 n =4
SO(2n, C) all
PSO(2n, C) 8|n otherwise
Other (2|n, n > 6) all
Eg simply connected Vv
adjoint Vv
E; simply connected v
adjoint v
Eg Eg(C) v
Fy Fy(C) J
G G2(C) J

I want to thank J. Arthur and D. Blasius for suggesting this problem. I also
want to acknowledge useful conversations with E. Calabi, D. DeTurck, and S.
Shatz and to thank the referee for his careful reading of and many improvements

to an earlier version of this paper.

§1. Generalities

Unless otherwise specified, G, G;, H etc. denote the groups of R-points of
connected linear algebraic groups. Of particular interest (see the table above) is

the case of groups obtained by Weil restriction of scalars from C to R.



Proposition (1.1) Let Gy and Gy be two real linear algebraic groups. Then
G = G1 x Ga is acceptable if and only if G1 and G2 are both acceptable.

Proof. Suppose GG; and G5 are acceptable. Let ¢, ¥: I' — G be element-
conjugate homomorphisms. Let ¢; (resp. 1;) denote the composition of ¢ (resp.
¢) with the projection map from G — G;. As ¢' = ", it follows that ng = wf
for + = 1, 2. Therefore,

Vi = gipig; "
for some g; € G, so

¥ = (g1,92)0(g1,92) "

Conversely, if G is acceptable, for n € {1,2}, let ¢,,, ¥,,: T' — G,, denote element-
conjugate homomorphisms. Let ¢ (resp. 1) denote the composition of ¢,, (resp.
¥, ) with the canonical inclusion G,, C G. Then ¢ and v are globally conjugate,

SO

b =(91,92)8(91,92) " V0 = gndngy -
Thus G, is acceptable. O

(1.2) Every linear algebraic group G over a field of characteristic zero has a Levi
decomposition G = N xM, where M is reductive and N is the unipotent radical
of G (see, e.g. [2] 0.8). The derived series N = N; D Ny = [N1,N1] D N3 =
[N, N3] D --- D N,, = (0) has quotients which are commutative and unipotent,
i.e., vector spaces over R. As N is normal in G, so are all the N;. The following

proposition reduces the study of acceptable groups to the reductive case:
Proposition (1.3) G is acceptable if and only if M is.

Proof. Suppose G is acceptable. Let ¢1, ¢po: I' — M denote element-conjugate
homomorphisms, and let ¢, be obtained by composing ¢; with the injection
M C G. Then

¢h = gdig~t, g = nm.

As N is a normal subgroup of G,

#3(7) = n(me! (v)m™")n~" = me (v)m™'nl, VyeT.

As M NN = {1}, n/, = 1, ¢1 and ¢ are conjugate in M. Suppose, conversely,
that M is acceptable. Let M; = G/N;, so My = M. We use induction on n
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to prove that M,, = G is acceptable. The induction step requires the following

claim: if M’ is acceptable, and
1=V —-M'—M —1,

where V is a commutative unipotent group, then M" is acceptable. Consider a
pair of element-conjugate homomorphisms ¢1, ¢o: I' — M". The compositions
| and @), of ¢ and ¢ with M"” — M’ are conjugate, so without loss of generality

we may assume that they are equal. They define an action of I" on V. It is easily
checked that

¢y =¢1(7)¢2(y)" € V=R,

is a 1-cocycle in H'(I', V) and a coboundary if and only if ¢; and ¢ are con-
jugate by an element of V. But R[I'] is a semisimple algebra, so all the higher

cohomology groups vanish. The proposition follows. O

Proposition (1.4) Let G be the group of real points of a connected reductive
algebraic group, G its identity component in the strong topology, Z(G) its center,
and D 1its derived group. If Z(G)G' = G, then G is acceptable if and only if D

1S.

Proof. As G is reductive, DZ(G) contains G and hence is all of G. Thus
Z(D)=Z(G)N D, so

def

DY p/Z(D)=G/Z(G) % Gad

is an isomorphism. This implies that two elements of D are D-conjugate if and
only if they are G-conjugate. Therefore, if G is acceptable, so is D. Suppose,
conversely, that D is acceptable. Let ¢1, ¢o: I' — G be element-conjugate. As

D is normal in G,

{(yET | ¢1(7) € D} ={y €T | go(y) € D} = T".

The restrictions ¢1|r and ¢o|r are therefore element D-conjugate and hence
globally D-conjugate. Without loss of generality, therefore, the restrictions may
be assumed equal. As G/D is commutative, the compositions of ¢; and ¢ with

G — G/D must coincide, so

qbl ($)¢2($)_1 eD
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for all z. Define

I'={(y,d) €T x D | ¢2(y) = d},

where ~denotes projection from a group to its adjoint group, and let ¢o: I' — D

denote the projection pry. Although the square in the diagram

I % p
pril x LN
r % g - @=pw

does not necessarily commute, the two homomorphisms from [ to D are the

same, so the obstruction to commutation,

n(x) = ¢a(2) " P2 (pri(@)),

is a homomorphism from I' to Z(G). Define

$1(x) = 1 (pri())n(e) " = di(pri(@))da(pri(z)) " do(x).

As ¢1(y)pa(y)~! € D, we have ¢1(I') € D. By hypothesis, there exist elements
g € D for all x € " such that

$1(x) = godba(2)g; -

As n(z) € Z(G) for z €T,

$1(x) = ¢1(pr1(2))0(2) ™" = Gpry ()02 (Pr1(2)) 9 (o)1) T = Gpry (1) D2(2) 3, 4
Since D is acceptable, there exists d € D such that
doy(x)d™ = ¢o(z) Vxel.
Therefore,
d™ go(pri(z))d = d™ ' Ga(x)n(x)d = $1(x)n(x) = ¢1(pr1(x))

for all x € T. As I maps onto I, this implies that ¢; and ¢, are globally
G-conjugate. O



Corollary (1.5) If G is the group of complex points of a connected reductive
algebraic group, and D 1is its derived group, then G is acceptable if and only if D

18 SO.

Proposition (1.6) Let Gr denote a real algebraic group and Hr a subgroup. If
G(R) is compact, then two elements of G(R) are H(R)-conjugate if and only if,
as elements of G(C), they are H(C)-conjugate.

Proof. One direction is obvious. The other is proved by adapting the method
of [6] 2.2.2. For any irreducible real representation p of G, let V, denote the
corresponding left G-module and W), the right G-module associated to V. Then,
as a (G, G)-bimodule, L?(G,R) decomposes

L*(G,R) =PV, aW,.
P

As a vector space, V, ® W, = Homg(V,,V,); the subspace on which (h,h™1!)
acts trivially for all h € H is Homg(V,,V,). Every p extends to a complex
representation, g, of G(C), and every element of Hom g (gr)(V,,V,) extends to an

element of
Hom ) (V3, Vp),

and thus to a holomorphic function on G(C) invariant by H(C)-conjugation.
As H(R) is compact, H(R)-orbits are closed, so any two distinct orbits can
be separated by a square integrable function on G(R) invariant by conjugation
by H(R). Some component a € Hompgr)(V,,V,) must therefore seperate the
orbits. As the function extends to a H(C)-invariant function on G(C), the
corresponding H (C)-orbits must be distinct. O

Proposition (1.7) If G is the group of complex points of a connected reductive
algebraic group and K is a mazximal compact subgroup of G, then K is acceptable

if and only if G is acceptable.

Proof. Suppose K is acceptable and ¢1, ¢o: I' — G are element GG-conjugate.
We can take K to be the group of real points of an algebraic group of which
G is the group of complex points. As all maximal compact subgroups of G are
conjugate, the finite groups ¢1(I') and ¢2(I") can be conjugated to lie in K. By
Proposition 1.6, two elements of K are K-conjugate if and only if they are G-
conjugate. Hence, ¢1 and ¢, can be taken to be element K-conjugate, hence

globally K-conjugate, hence globally G-conjugate.
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Conversely, suppose G is acceptable and ¢1, ¢o: I' — K are element K-
conjugate. Then they are element G-conjugate, hence globally G-conjugate. Let
H be the real algebraic group such that H(R) = K and H(C) = G. Apply

Proposition 1.6 to the diagonal inclusion
HCcHxHx---x H~H",

to conclude that v — ¢1 () and v — ¢2(7y) are globally K = H(R)-conjugate.O

§2. Acceptable Groups

This section proves that many simple groups, including the classical groups
SL(n,C), O(n,C), and Sp(2n, C), are acceptable. Some of the results seem to

be already known, but for lack of references, we work from scratch.
Proposition (2.1) The groups GL(n, C) and SL(n, C) are acceptable for alln > 1.

Proof. If ¢1, ¢o: I' — GL(n, C) are element-conjugate, the characters associated
to these two representations of I' are the same. Therefore, the isomorphism
classes of the representations are the same, which means ¢, and ¢, are globally
GL(n, C)-conjugate. The case of SL(n, C) follows from Proposition 1.4. O

Proposition (2.2) The groups GL(n,R) are acceptable for all n. The groups
SL(n,R) are acceptable for n =2 and for odd n.

Proof. Let G = GL(n,R), and ¢1,¢2: I' — G element-conjugate homo-
morphisms. Decompose C" as a ¢o(I')-module into isotypic components V; =
W; ® C", where the W; are irreducible. By Schur’s lemma,

H = Zcr(n,c)$2(T) = [ [ GL(n;, C).

Let p denote the permutation such that V; = Vy@i)- Thus complex conjugation

th

exchanges the i*" and p(i)" components of H when i # p(i) and acts in the

usual way when i = p(7). In particular,
HONCO/R) = [ TT GL(n;,C) | x [ J] GL(niR)
i<p(0) =p(0)

If ¢; ¢ denotes the composition of ¢; with GL(n, R) — GL(n, C), then gbti’c =
qbgﬁc, so ¢1,c and ¢ ¢ are conjugate. Choose g € GL(n, C) such that

P1(7) = gp2(7)g™" Vv eT.
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Conjugating both sides, we deduce

$2(7) = g ' go2(1)g g,

so g71g € H. Let a,: Gal(C/R) — H denote the 1-cocycle o — g~ 1o(g) (in
non-abelian cohomology). If it is a coboundary h='c(h) for some h € H, then
hg—' € HG*(C/R) - G and

hg ' 1(v)gh™ =g~ d1(7)g = d2(7),

so ¢1 and ¢ are globally G-conjugate.

We conclude by showing that H!(Gal(C/R), K(C)) = 0, when the alge-
braic group K is either GL(n), or the Weil restriction Resg/rGL(n). The
first case follows from a suitably generalized form of Hilbert’s theorem 90 ([7]
I 5.2). The second case is easy to check: the cocycle condition for a 1-cochain
Gal(C/R) — GL(n,C) x GL(n, C) is a,aZ = 1, where o denote complex conju-
gation. Equivalently, a, = (A, A~!) for some invertible complex matrix. Then
ay is the coboundary of b = (A~1, I). This proves the acceptability of GL(n, R).
The acceptability of SL(n, R) for odd n follows from Proposition 1.4. For n = 2,
the unitarian trick shows that every finite subgroup of SL(2,R) can be conju-
gated into a fixed subgroup SO(2,R) and is therefore cyclic. Element-conjugacy

of a generator implies global conjugacy. O

Proposition (2.3)  For all n, O(n,C) is acceptable; if n is odd, SO(n,C) is

acceptable.

Proof. If ¢1, ¢o: ' — SO(n, C) are element-conjugate, their compositions with
the inclusion i: SO(n, C) — GL(n, C) are globally GL(n, C)-conjugate. As n-
dimensional representations of I', i¢; and i¢y have the same decomposition into

isotypic components
m m

(2.3.1) Pviecm =PV, cm™,
i=1 i=1

where the representations V; = V/ are irreducible. The inclusion i gives each
side of (2.3.1) a symmetric inner product. The existence of an isomorphism of
[-modules preserving the inner product implies the O(n, C)-conjugacy of ¢, and

¢2. By restriction, each V; ® C™, and hence each V;, acquires a symmetric
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self-duality which respects the I-action. Likewise, each V; inherits a symmetric
self-duality. It suffices to show that, up to scalar multiplication, there is at most
one self-duality which respects a given irreducible I'-representation V. But by

Schur’s lemma,
1 > dim(Homp(V*,V)) = dim (V®*)") > dim (Symz(V)r) .

Therefore, O(n,C) is acceptable. If n is odd, SO(n,C){£1} = O(n,C), so
O(n, C)-conjugacy implies SO(n, C)-conjugacy. O

Proposition (2.4)  For all n, Sp(2n, C) is acceptable.

Proof. If ¢1, ¢o: I' — Sp(2n,C) are element-conjugate, their compositions
with the inclusion i: Sp(2n, C) — GL(2n, C) are globally GL(2n, C)-conjugate.
Decompose ¢; and ¢o as 2n-dimensional representations of I', to obtain a I'-

module isomorphism
(2.4.1) Pviecm =PV, e c™
i=1 i=1

Each side is endowed with a perfect anti-symmetric duality which respects the
action of I'. The restriction of this pairing to a factor V; ® C™: is either perfect
or zero. As I' acts trivially on C™¢, the space of I'-homomorphisms V; ® C™ —
(V; ® C™)* is a free End(C™)-module. If V' is an irreducible I'-representation,

1 2 dimEnd(Cmi)(HOl’nF((‘/i (%9 Cm1>*, ‘/Z & Cm1>)
> dimgg(cmi) (/\Q(Vi ® Cmi)F>
Therefore, up to the action of End(C™), there is at most one structure of perfect
anti-symmetric pairing on V; ® C™¢ which respects the action of I'. If the pairing
on V; ® C™i is zero, there must be a corresponding dual factor V; @ C™/, m; =

m; in the direct sum decomposition (2.4.1). Then any I'-isomorphism between

V;®C™i and V/ ® C™: admits a unique extension to a symplectic I'-isomorphism
VieCMaoV;eC™ 2V /o C™ eV Cm.

Therefore, ¢1 and ¢9 are globally Sp(2n, C)-conjugate, by the argument of Propo-
sition 2.3. 0



Corollary (2.5) The unitary group SU(n), and the compact orthogonal and sym-
plectic groups, SO(2n + 1, R) and Sp(2n, C) N SU(2n), are acceptable.

Proof. Immediate from Propositions 2.1, 2.3 and 2.4 by virtue of Proposition
1.7. O

Lemma (2.6) Let A denote a fized element of U(n) and X 4 the set
Xa={McUn)| A'MA™ = M}.

Then every element of XA has a square root in X 4.

Proof. Choose M € X4. As M is unitary, it is diagonalizable: M = BDB™!,
where B is unitary and D is unitary and diagonal. Choose, for each complex
number which appears as a diagonal entry of D, a fixed logarithm, and use these
choices to construct a diagonal matrix L such that D = e” and D and L have

the same centralizer in GL(n, C). As D is unitary, L is purely imaginary. Now,
D=B'MB=B'A'MA'B=B'A'B'D'BA!B,

so the matrix B~1A*B ™" lies in the centralizer of D and therefore in the central-

izer of L. In particular, it commutes with es. Therefore, N = Be* B —1. which

is evidently a square root of M, satisfies A’NA~! = N. On the other hand, N
L

is the product of the exponential of the skew symmetric matrix 5 with unitary

matrices. Hence N € X 4. O

Lemma (2.7) If T denotes complex conjugation, then G = SU(3)x(T') is accept-
able.

Proof. Consider element-conjugate homomorphisms ¢, ¢o: I' — G. The com-
positions of ¢; with G — (T') = Z/2Z are element-conjugate, hence identical.
Let
" = ¢ ' (SU(3)) = 65 ' (SU(3)),

and let ¢} denote the restriction of ¢; to I'". For each v € T, ¢/ (7’) is conjugate
either to ¢4(7') or ¢4(7'). By Corollary 2.5 (abusing notation by writing ¢} also
for the associated 3-dimensional representation of I') ¢} @ ¢} and ¢} @ ¢} are
equivalent 6-dimensional representations of I'. If either ¢, is irreducible, this
means that ¢ is globally SU(3)-conjugate to ¢} or ¢, and in either case globally

G-conjugate to ¢5. If not, decompose the unitary representations:
Pr=adf, ¢h=adf.
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By conjugating ¢/ if necessary by T, o may be taken to be the 2-dimensional
factor. Since the 9-dimensional unitary representation ¢, ® ¢; doesn’t depend on
3

aRfPakf2axfdarf.

If o is irreducible, its tensor product with any character is irreducible, so o ® 3
is isomorphic to a ® 3 or & ® 3. Thus, there are three possibilities: « is itself
reducible; o = & (in which case ¢/ is globally SU(3)-conjugate to ¢4); or a % &
but a ® 32 = a.

Consider the case that « is reducible, i.e., that o =& ~v @ d, where v = 1.

Matching characters in
By @ P ® BT ® B = By @B @ BT @ B9,

either By = Bv, which implies 8 = 3; By = 36, which implies § = §2, v = §73;
By = 37, which implies v = 7; or 8y = 36, which implies 1 = 3v6 = 3 =2 3. If
B, v, and § are all powers of a common character, the ¢, factor through a cyclic
group, so element-G-conjugacy implies global-G-conjugacy without further ado.
If 3 = 3, then ¢ = ¢,. The remaining possibility is that v = 4. But by
symmetry, we can also conclude § 2 §, and therefore ¢} = ¢}.

If av is irreducible, it must be of dihedral, tetrahedral, octahedral, or icosahedral
type, according to its composition with U(2) — PSU(2) = SO(3,R). If 3 = 3,
we are done immediately, so we may assume 32 % 1. Since a ® 32 = o we have
Tr(a(x)) = 0 for all = outside the proper subgroup ker(3?) of I''. This rules out
all but the dihedral case, and every unitary character on a dihedral group is real.
Thus a = &, contrary to hypothesis.

Without loss of generality, then, the restrictions of ¢; and ¢ to IV may be taken
to coincide. If I' = I, we are done at this point, so without loss of generality we
may assume ['/T” = Z/2Z. From this point on, it no longer matters that the ¢;

are element-conjugate; it is enough that they are homomorphisms. Let

R R Y

where € lies in the centralizer, Z, of ¢1(I") = ¢o(I”) in SU(3). We seek z € Z
such that ¢, and ¢9 are conjugate by z. The conjugation action of ¢;(y) on Z
depends only on the image of v in T'/T" = Z/2Z, so this is equivalent to saying
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that the non-abelian 1-cocycle defined by ¢ in H(Z/2Z, Z) is trivial. We have

the following cases:

i) ¢q is irreducible; Z = pus.

i) p1=a®f; Z=U(1).

iii) ¢; is a sum of three distinct characters; Z = T', a maximal torus.

iv) ¢ is a sum of two characters, one with multiplicity 2; Z = S(U(2) x U(1)) =
U(2).

V) ¢ is three times a single character; Z = G.

To see the action of Z/2Z on the centralizer, it is useful to conjugate so that
¢1(T) lies in a block-diagonal subgroup of SU(3). The generator of Z/2Z acts
by the product of the transpose-inverse automorphism and ad(n), where n lies in
the normalizer Ngy(3y¢1(I'). In cases (i)-(iii) we have ordinary (abelian) group
cohomology. In case (i), the cohomology is killed by 2 and 3 and is therefore
trivial. For cases (ii) and (iii), the compact torus 7T is the quotient of its universal

cover by its cocharacter group X, (7T, so
HY(Z/22, T) = H*(Z/2Z, X.(T)) = X, (T)2/% [ Try 10 X..(T).

For case (ii), the cohomology vanishes because the action of Z/2Z is non-trivial.
For case (iii), the action can be any outer automorphism of the root system Ag
which is of order 2, and it is easily checked that in each case the cohomology is
trivial. Cases (iv) and (v) follow from Lemma 2.6. Indeed, since the action of
Z/2Z (whether on elements of U(2) or of SU(3)) is given by M +— AM~1A~!
for some unitary matrix A, a l-cocycle is given by an element M such that
MAM~1A=Y = I, i.e., such that M € X 4. Therefore, there exists N € X4
with N2 = M. The boundary of the 0-cycle N~! is A'NATIN = N2 = M, so

the cohomology is trivial. O
Proposition (2.8) The complex Lie group G4 and its compact form are acceptable.

Proof. In this case, the compact case is easier, and the complex case follows from
Proposition 1.7. Let G = G5 be compact, and let ¢, ¢2: I' — G denote element-
conjugate homomorphisms. Compose the ¢; with the 7-dimensional orthogonal
representation p of G (the action on traceless real Cayley numbers) to obtain
element conjugate homomorphisms p¢; and pgps from I' to SO(7,R). By 2.5,
there exists g € SO(7, R) such that

p(d1 (7)) = gp(d2(7))g™ Vv eT.
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Thus,

(2.8.1) p(e1(I) C p(G) Ngp(G)g™.

This intersection of 14-dimensional subgroups of a 21-dimensional group must
have dimension > 7. Its identity component is therefore a compact connected Lie
group of reductive rank < 2 and dimension > 7 which admits a homomorphism
to Go. By classification, the only groups of this kind are U(3), which is the
stabilizer of a non-zero vector in p, and G = G5 itself. As G5 has no outer
automorphisms, its normalizer in SO(7,R) equals its centralizer in SO(7,R),
which, as the representation is irreducible, is G2 Z(SO(7,R)) = G2. It follows
that if the intersection 2.8.1 is isomorphic to G, then g € G, so ¢1 and ¢, are
globally G-conjugate. It suffices to treat the case (p(G)N g,o(G)g_l)O =~ SU(3).

The identity component is always a normal subgroup, so
p(G) Ngp(G)g~' C Na(SU(3)).
The normalizer of SU(3) is SU(3)x(T"), in the notation of Lemma 2.7; it consists

of the subgroup of GG which stabilizes a line in the space of traceless Cayley
numbers V.

Thus p(¢1(I")) is contained in the stabilizer SU(3)x(T) of some line L; in
V', and likewise p(¢2(I')) is contained in the stabilizer of some line Ls. As G
acts transitively on the unit sphere in V', without loss of generality ¢;(I") and
¢2(T") lie in the same subgroup SU(3)x(T") of G. If these two homomorphisms
are element SU(3)x (T)-conjugate, the proposition follows from Lemma 2.7. In
fact, by virtue of the proof of 2.7, it suffices to prove element-conjugacy on
the subgroup I” = ¢7(SU(3)) = ¢5 ' (SU(3)). Now, every element of SU(3) is
conjugate to an element in its diagonal torus 7' = S(U(1) x U(1) x U(1)). As G
is of rank 2, this is also a maximal torus of G. Elements x,y € T are G-conjugate
if and only y = w(z) for some w € Wg. As Wg = Dg = (—1)D3 = (—1)Wgy(s),
this is equivalent to the condition y = w(x*!) for  and y to be conjugate in
SU(3)x(T). O

§3. Unacceptable Groups

In this section we give several examples of unacceptable simple groups. Com-
paring the following results with those of §2, we see that acceptability is preserved
neither by twisting nor by isogeny. Proposition 3.3 is due to Serre [1] but the

rest seems to be new.
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(3.1) Let
0-2Z—-G—>G—0

denote a central extension of real Lie groups and o € H2(G, Z) the corresponding
class in group cohomology (see, e.g., [4], Ch. XIV, §4.) Given a homomorphism
¢: I' — G, the cohomology class

¢*(a) € H*(T, 2)

is invariant under global G-conjugation of ¢. Indeed, lifting ¢(7y), ¢(4), and ¢(vd)
to elements 7, g, % respectively, ¢*(«) is given by the 2-cocycle

If p3 = gp1g~ ' then we can lift g to § and lift each gyg~" to g5~ to obtain

~ ~ 1
22,6 = 921,4,69 =~ = 21,v,6-

We use this cohomology class in sections 3.3-3.5 and 3.7 to show that certain

element-conjugate homomorphisms are not globally conjugate.

Lemma (3.2) Two semisimple elements g1, g2 € GL(n, C) are conjugate if and
only if Tr(g7) = Tr(gy) for alln € N.

Proof. Two semisimple elements of GL(n,C) are conjugate if and only their
characteristic polynomials are the same. The Newton identities allow us to write
the elementary symmetric functions as polynomials in the power sums, so the

latter determine the former. O

Proposition (3.3) If m > 1, n > 2, then GL(mn, C)/u,, and SL(mn, C)/u, are

unacceptable.

Proof. Let I' = (Z/nZ)?. The Heisenberg group, X (n), i.e., the group of upper
triangular 3 x 3 unipotent matrices with entries in Z/nZ, is a central extension of
' by Z/nZ. Let p; and p2 denote irreducible (n-dimensional) complex represen-
tations of X (n) whose central characters, x; and ys respectively, are primitive

and different. Explicitly, p; maps the generators of I' to

01 0 0 1 0 0 0

0 0 1 0 0 e(a;j/n) 0 0
a=|0 0 0 0 andp=]0 0 e(2a;/n) --- 0 ’

100 -~ 0 0 0 0 o e(—aj/n)

14



27z

where e(z) = €*™* and a; is prime to n. The matrix a®3° is traceless unless

both a and b are divisible by n, so Tr(p;(x)) = 0 for every x € X(n) outside
the center Z(X (n)) =2 Z/nZ. Let k denote the lowest positive integer such that
z* € Z(X(n)). As

g ka k(b+ (k- 1)ac/2)
ke ,

1
=10 1
0 0 1

OO
O~
_ 0 o

and x; and x» are primitive, we have

X2 (zF)x1(a*) 7t = oF
for some a € p,,. This is completely clear if n is odd, and still true if n is even,

since ngl_l is then the square of a character of Z/nZ. Therefore,
Tr(pa(x)') = Tr(ap(z)')

for all i. It follows that the associated homomorphisms o;: I' — GL(n, C)/uy,
are element-conjugate. If they were actually globally GL(n,C)/u,-conjugate,
however, the homomorphisms p;, ¢ = 1, 2, would coincide up to a character of
X (n). Since every character of X (n) is trivial on Z(X(n)) = [X(n), X (n)], this

m
70

obtained from p; & - - - @ p; by dividing through by pu,,, the two homomorphisms
N— —

is impossible. More generally, letting ¢!", ¢ = 1, 2, denote the homomorphisms

m times

are element-conjugate in GL(mn, C) (even in GL(n, C)™/u,,), but not globally
GL(mn, C)/pu,-conjugate. O

Corollary (3.4) PSO(6n,C) is unacceptable.

Proof. Immediate from PSO(6,C) = PSL(4, C). By comparison,
PSO(4,C) 2 S0O(3,C) x SO(3,C)

is acceptable.

Propositions 2.1 and 3.3 leave open the acceptability of quotients of GL(2n, C)
or SL(2n,C) by ps. For n = 1 the isomorphism SL(2,C)/us = SO(3,C) gives
an affirmative answer in light of Proposition 2.3. The rest of our knowledge is

contained in the following proposition. O
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Proposition (3.5) For all n € N, GL(16n, C)/us is unacceptable.

Proof. Let I' = (Z/4Z)?. Consider the central extension, X, of I', order 32,
defined by the element

(3.5.1) [22] = [(=1)"""] € H*(T, p2).

It is easily checked that this represents a non-zero cohomology class. Choose an
associated set of liftings & € X of elements of I such that the identity of I lifts to
the identity of X. The order of Z is always the same as that of x, since 2z, j, =0
for all K € N. It follows that the generator z of ker(X — I') is not a power
of any other element of X. Let p; denote the regular representation C[I'] of T,
viewed as an X-representation, and let py denote ker(C[X]| — C[I']). These are
both 16-dimensional representations, and they are element-conjugate on X \ {z}.
Indeed,

Tr(p1(x)) = Tr(pz(x)) =0,
for all = ¢ {1, z}, so by Proposition 3.2, it suffices to recall that z is not a power
of any other element of X.

Now consider the maps ¢;: I' — GL(16, C)/us obtained from p; by passing
to the quotient. They are certainly element-conjugate. By 3.1, they cannot be
globally conjugate since p; lifts to a homomorphism I' — GL(16, C) and therefore
defines a trivial class in H2(T', uo) while p does not lift and therefore defines a
non-trivial class. This disposes of the case n = 1. More generally, writing p7
for p; ® C™, and ¢} for the the quotient homomorphism I' — GL(16n, C)/ua,
the same argument shows that p} and p5 are element-conjugate but not globally

conjugate. O

Lemma (3.6) For all n € N,
i) two semisimple elements, x, y € GSp(2n,C) C GL(2n,C) are conjugate in
GSp(2n, C) if they have the same multiplier and are GL(2n, C)-conjugate.
ii) two semisimple elements, x, y € SO(2n,C) C GL(2n,C) are conjugate in
SO(2n, C) if they are conjugate in GL(2n, C), and, as elements of GL(2n, C),

have at least one eigenvalue +1.

Proof. As z € GSp(2n, C) is semisimple, it belongs to a maximal torus, Tgsp,
which is a subset of a maximal torus Ty, of GL(2n). We can choose coordinates
on T, =2 C*2” so that Tgsp is defined by

T1T2 = T3T4 = ++* = T2n—1TL2n-

16



Every semisimple y € GSp(2n) (resp. GL(2n)) is GSp(2n)-conjugate (resp.
GL(2n)-conjugate) to an element of Tgs, (resp. Tgr), so to prove (i), it suf-
fices to show that two elements of Tgg, are GSp-conjugate if and only if they
are GL-conjugate. Two elements of Ts, are GSp- (resp. GL-) conjugate if and
only if they lie in the same orbit of the Weyl group Was, = (Z/2Z)™ xS, (resp.
Wear, = Sap). In particular, two 2n-tuples (z1,...,Z2y), (Y1, ..,Y2n) € Tasp are
Wasp-conjugate if and only if they have the same unordered set of unordered
pairs of coordinates:

(3.6.1)

{{xh 5(32}, {x?n 5(34}, sy {x2n—17 xQn}} = {{yh y2}7 {y37 y4}7 R {an—lv y2n}}'

Any permutation of the x; which preserves the values x1xs, T3x4, -+, Top_1Top
preserves the set of pairs (3.6.1). This gives (i).
For SO(2n, C), Tso C Tgr is defined by

T1T2 = T3Tg = *++ = Toap—1T2n = L.

Two elements of Tgo are conjugate if and only if they lie in the same orbit of
the Weyl group Wgo = HxS,,, where H C (Z/2Z)™ is the subgroup of n-tuples

whose entries sum to zero. Therefore, two sets of ordered pairs

{(':El:xl_l)7 ($3,$§1), R (xQn—l?xZ_'r}—l)}

correspond to conjugate elements of SO(2n) if and only if one can be obtained
1
, T)

If some x; = x; ' = 41, this condition is equivalent to (3.6.1). This gives (ii). O

from the other by replacing an even number of ordered pairs (z,z~!) by (2~

Proposition (3.7) For all n € N, PSp(16n,C) and PSO(16n, C) are unaccept-
able.

Proof. Recall the groups I' and X and the representations p;* defined in Propo-
sition 3.5. It suffices to show that C1™ admits an orthogonal (resp. symplectic)
inner product which p; and py respect (resp. up to scalar multiplication), and
that p1(z) is conjugate to p2(z) in SO(16n, C) (resp. GSp(16n, C).) It is enough
to check this when n = 1. A regular representation is always orthogonal (tak-
ing {[z] | € X} as an orthonormal basis of C[X]), so the p; are orthogonal.
Since every cyclic subgroup is of even index in X, the p; land in SO(16, C). If

17



xo € X is a central element of order 2, and e: X — U(1) is a character such that

€(xg) = —1, then up to scalar multiplication, X respects the symplectic pairing

on C[X]|. If zyp € ker(X — TI'), we may choose € to factor through X — T.
Thus, the restriction of ( , ) to the representation spaces of p; and ps are perfect.
Therefore, both p; and py can be taken to land in GSp(16,C), and both have
multiplier e.

By the proof of Proposition 3.5, p}'(z) and ph(x) are conjugate for all = ¢
ker(X — T'), so by Lemma 3.6 (i), they are likewise element GSp-conjugate.
Every element of X has order dividing 4, and the square of an element of order
4 is not in ker(X — I') (and hence has at least one eigenvalue of 1). By 3.6
(ii), therefore, outside ker(X — I'), the pI" are element SO-conjugate. Therefore
the quotients ¢': I' — GL(16n, C)/us of the pl* are element GSp/ue-conjugate
(resp. element PSO-conjugate) homomorphisms. They cannot be globally con-
jugate because they are not even globally GL(16n,C)/us-conjugate. We con-
clude that PSO(16n,C) and GSp(16n,C)/us are unacceptable. By Corollary
1.5, PSp(16n, C) is unacceptable as well. O

Proposition (3.8) For all even n > 8, SL(n,R), SO(n,R), and SO(n,C) are

unacceptable.

Proof. Let o denote the Steinberg representation of SL(3,Z/2Z) (see x¢ in [5] p.
3). The Frobenius-Schur indicator is 1, so ¢ can be viewed as a homomorphism
to O(8,R). The value of Tr(o) on elements of order 2, 3, 4, and 7 is 0, —1, 0,
and 1 respectively. From this, we deduce that the eigenvalues of o(g) are given
by the table

Order of g Eigenvalues of o(g)
1 1,1,1,1,1,1,1, 1
2 1,1,1,1, -1, -1, -1, —1
3 1,1, w, w, w, w?, w2, w?
4 1,1, 4,4 —1, =1, —i, —3
7 17 17 C? <27 <37 <47 C57 C6
where w and ¢ denote €2/3 and e2™%/7 respectively. In particular, the image of

o lies in SO(8, R).
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Let 7 denote an injective homomorphism Z/4Z — SO(2,R). The centralizer
of 7(Z/4Z) in GL(2,R) is the group

{5 0)]a+rsol.

Let 7% denote the 2k-dimensional orthogonal representation of (Z/4Z)* in which
the i'" Z/4Z-factor acts on the i*" R? summand. We set

[ = SL(3,Z/2Z) x (Z/4Z)"/?>~% ¢ =0 @ 7V> % T — SO(n,R).
Let M denote any orthogonal n x n matrix with determinant —1, and let
¢p2=M¢p M~ T — SO(n, R).

If o = Ny N~ for some N € SL(n,R), then M~ N is a real n x n matrix with
negative determinant commuting with ¢, (I"). All real matrices which commute
with 7(Z/4Z) have positive determinant, and likewise all matrices which com-
mute with o(SL(3,Z/2Z)). Therefore all real matrices commuting with ¢ (T")
have positive determinant, so ¢ and ¢, are not globally SL(n, R)-conjugate. A
fortiori, they are not globally SO(n, R)-conjugate. On the other hand, for any
a €T, ¢1(a) fixes some vector v,. Let N, denote the reflection through v:.
Then N,M~! € SO(n,R), and

pa(a) = My ()M~ = MN ¢1(a) No M~

is SO(n, R)-conjugate to ¢1(a). We conclude that SO(n,R) and SL(n,R) are
unacceptable. By Proposition 1.7, SO(n, C) is unacceptable. O

Lemma (3.9) Let w denote the quotient map Spin(2n + 1,C) — SO(2n + 1, C)
and p: SO(2n 4+ 1,C) — GL(2n + 1, C) the standard representation. If x is a
semisimple element of SO(2n+ 1, C) such that —1 is an eigenvalue of p(x), then

the two elements of 7~ (x) are conjugate to one another in Spin(2n + 1, C).

Proof. Let Tso denote a maximal torus of SO(2n+1, C) which contains z. Every
commutator in 7~ 1(Ts0) lies in 7=1(1), so the identity component of 7 ~1(Ts0) is
an n-dimensional commutative group of semisimple elements of Spin(2n + 1, C).
Therefore 7=1(Ts0)° is a maximal torus of Spin(2n+1, C). Every maximal torus

of a connected semisimple group contains the center, so
7T_1(TS()>O = 7T_1(Tso>.
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We call this group Tspin-
Let T denote the universal covering group of a complex torus 7. Then T
C'.(T) | In particular,

Tso = Tspin = C™.

As 71 (T) = X.(T), the fibration Z/2Z — Tgpin — Tso gives rise to the homotopy
sequence
0 — X, (Tspin) = X«(Tso) = Z/2Z — 0

and its dual
0 — X*(Tso) — X" (Tspin) — Z/2Z — 0.

Now SO(2n + 1, C) and Spin(2n + 1, C) are the adjoint and simply connected
Lie groups respectively with Lie algebra so(2n 4+ 1, C). In standard coordinates,

therefore,

X*(Tso) = Zer+- - -+ Zen, X*(Tspin) = {Z ai€;

=1

CLZ'—CLjEZ, 2ai€ZW,j}

([3] Planche II). In the dual basis €} of ¢;,

X.(Tso) = Zé; + -+ Ze',  X.(Tspin) = {Zaief
=1

iai S 2Z} .
=1

The quotient map
q: Cn — Cn/X*(TS()) = TSO = (C*)n

sends

(21, 2n) — (eQle, ) ..,eQTriZ") )

+27miz1 e:t27rizn
- .

The eigenvalues of p(q(z1,...,2,)) are therefore 1, e
The Weyl group of Spin(2n + 1, C) with respect to Tspin is W = {£1}" % S,,.

The action of W on Tgpin is most simply described at the level of the covering

ey

space Tspin = C™ o € S, acts by permuting coordinates and (wq,...,w,) €

(Z/2Z)™ acts by element-wise multiplication. Choose

(21, Ceey Zn) € q_l(x) C TSO = TSpin-
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By hypothesis, some eigenvalue et2™% = —1, so some zj € % +Z. Let we W

denote the simple reflection through the j* coordinate hyperplane. Then

w (i zle;‘> = Zzzef — zj€; = <i zle;k) — ¢ (mod X, (Tspin))-
i=1 i=1

i#]

Therefore, w fixes x but permutes the two elements of 7=1(z). Choosing a
representative n of w in the normalizer N of Tgpi, in Spin(2n+1, C), we conclude

that the two elements of m~1(x) are conjugate by n in Spin(2n + 1, C). 0
Proposition (3.10) For all n > 9, Spin(n, C) is unacceptable.

Proof. Let My denote the (non-simple) Mathieu group in A¢, and let p denote
the restriction of the standard 9-dimensional representation of Aig to Myg. For
information about Mjg and Tr(p) we consult [5] p. 5, where they are denoted
Ag.23 and yg respectively; see also loc. cit. pp. 4849, for information about the
connection with A;g. The Frobenius-Schur indicator is 1, so p is orthogonal. The
values of Tr(p) on elements of order 2, 3, 4, 5, 8 are 1, 0, 1, —1, —1 respectively,

so the eigenvalues of p(g) are given by the following table:

Order of g Eigenvalues of p(g)

1 1,1,1, 1,1, 1,1, 1, 1

2 1,1,1,1,1, -1, -1, -1, —1
3 1,1, 1, w,w,w, w?, w?, w?
4 1,1,1,2,2 —1, =1, —1, —1
5 1, ¢ ¢ ¢ 63 ¢3¢ ¢t ¢!
8 17 57 ia 537 _]-7 _]-7 657 _iv 57

where w, ¢, and & denote e2™/3, ¢2™/5 and e™/* respectively. In particular, p(I)

lies in SO(9,R). We define I and ¢; to make the following square cartesian:

I %% Spin(9,C)
Tl !
My, £ S0(9,C).

Let e: I' — Spin(9, C) denote the composite map
" Myg— Myg/Ag = Z/2Z = ker(Spin(9, C) — SO(9, C)) — Spin(9, C),

and set ¢o(x) = ¢1(x)e(x).
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Suppose, for some g € Spin(9, C), ¢2 = gp1g~ 1. Let 1 denote the composition
Spin(9, C) — SO(9,C) — GL(9, C).

Then
Y(QU(d1(V)(9) " =v(p2(7)) = (d1(7)) Vv €T

P(g)p(m)p(g)~" = p(m) Vm € M.

As p is irreducible, this means ¥(g) is a scalar. The only scalar orthogonal
matrix in SO(9, C) is the identity, so g must lie in the center of Spin(9, C). This
is impossible, since € is non-trivial. Thus ¢; and ¢5 are not globally conjugate.
On the other hand, ¢1(y) = ¢2(y) when () is the square of an element of M,
in particular, if 7(7) is of odd order. On the other hand, by Lemma 3.9 and the
table of eigenvalues above, ¢1(7) is conjugate to ¢o(7y) if () is of even order.
Thus Spin(9, C) is unacceptable.

For all n > 10, we realize SO(9, C) as the subgroup of SO(n, C) which stabi-
lizes pointwise a subspace H C C" of codimension 9. There is a corresponding
covering homomorphism Spin(9, C) — Spin(n, C). To see that it does not factor
through SO(9, C), it suffices to note that the restriction of the spin representation
from Spin(2k+1, C) to Spin(2k) is the sum of the semispin representations, while
each semispin representation of Spin(2k, C) restricts to the spin representation
on Spin(2k — 1, C). If g € SO(n, C), g SO(9, C)g~! is the stabilizer of gH, so

SO(9,C) N gSO(9,C)g~" = Stabsom.c)(H + gH).

This intersection is of the form SO(m,C), where m < 9, and SO(m, C) is the
stabilizer of (¢H + H)/H in SO(9,C). Moreover m = 9 if and only if gH = H,
in which case g acts on SO(9, C) by inner automorphism. It follows that at the

level of covering spaces,
Spin(9, C) N g Spin(9, C)g~* = Spin(m, C),

where m < 9 with equality if and only if § normalizes Spin(9, C). Now, the com-
position of each ¢; with the 9-dimensional representation v of Spin(9, C) is irre-
ducible. Let ¢ denote the composition of ¢; with the embedding Spin(9, C) —
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Spin(n, C). Evidently, the homomorphisms ¢} are element-conjugate. If there

exists g € Spin(n, C) such that

o5 (v) = got(v)g~" VyeT,

then
¢%(T") € Spin(9, C) N g Spin(9, C)g~* = Spin(m, C).

As ¢4 is irreducible, m = 9, and g acts by an automorphism of Spin(9, C). As
all automorphisms of Spin(9, C) are inner, this contradicts the fact that ¢; and
¢ are not conjugate. Thus Spin(n, C) is unacceptable for n > 9.

Note, by contrast, that for n < 6, Spin(n, C) is acceptable, by Propositions
2.1, 1.1, and 2.4. g

Proposition (3.11) The complex group F4(C) and its compact form are unac-

ceptable.

Proof. By [8], one semisimple complex Lie algebra g contains another such
algebra b of the same rank if and only if the ordinary Dynkin diagram of § is
obtained from the extended Dynkin diagram of g by deleting a vertex. We recall
([3] Planche VIII) that the extended Dynkin diagram of F} looks like this:

O—O—(C—F—O0—0

Therefore, s0(9, C) is a Lie subalgebra of the complex Lie algebra of type Fy. The
restriction of the 26-dimensional representation V, of the complex Lie algebra
of type Fy (following the notation of [3] Planche VIII) to so(9, C) is the direct
sum of the trivial representation, the standard 9-dimensional representation
and the spin representation. Therefore, the homomorphism Spin(9, C) — Fy(C)
is injective. The image of the compact form Spin(9, R) of the spin group lies in
a maximal compact subgroup Fy(R) of Fy;(C).

We define I and ¢;: I' — Spin(9, C) as in Proposition 3.10. By the unitarian
trick, we can take ¢; to land in the compact real form Spin(9, R). By Proposition
1.6, ¢1 and ¢y are element-conjugate as homomorphisms to Spin(9, R). Let ¢f
denote the composition of ¢; with the homomorphism Spin(9,R) — Fy(R). As
¢1 and ¢y are element-conjugate, the same is true of ¢f” and ¢£. Now suppose
that there exists g € F4(R) such that

9é1 (7)g~ " = ¢% (v) vy € T.
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Then
#F(T') C Spin(9, R) N ¢Spin(9, R)g~* = K.

Since all automorphisms of Spin(9,R) are inner, if g lies in the normalizer of
Spin(9, R), it must decompose g = ¢'z, where z lies in the centralizer and ¢’ lies in
Spin(9, R) itself. This is impossible, since ¢; and ¢o are not globally Spin(9, R)-
conjugate. Thus K is a proper subgroup of Spin(9,R). As dim(Spin(9,R)) = 36
and dim(Fy(R)) = 52, dim(K) > 20. As ¢L'(T) lies in K C Spin(9,R), ¢ is
an irreducible representation of K. Now K° is a compact, connected, linear
group, and its center can be no larger than a maximal torus of F4(R), that is,
no more than 4-dimensional. Therefore, the derived group D of K° is a compact
semisimple group of dimension > 16. As D is normal in K, the restriction of ¥ to
D is a direct sum of isotypical representations of equal dimensions and therefore
either irreducible, the direct sum of three 3-dimensional representations, or the
direct sum of nine 1-dimensional representations. As v is faithful modulo center,
the same is true for ¥|p. This rules out the last possibility, and the second
possibility is ruled out by the dimension of D. Therefore, the complexified Lie
algebra © of D is a complex semisimple algebra of rank < 4 with a faithful
irreducible 9-dimensional representation.

Every irreducible representation of a product gx b is the exterior tensor product
of irreducible representations of g and h. Since a semisimple Lie algebra with a
3-dimensional faithful representation has dimension < 8, © = sl(3, C) x sl(3, C),
or @ is simple. The only simple complex Lie algebras of rank < 4 and dimension
> 16 are si(5,C), so(7,C), s0(8,C), sp(6,C), and sp(8,C). None of these has
an irreducible 9-dimensional representation. Finally, si(3, C) x sl(3,C) is not a

Lie subalgebra of s0(9, C), because the extended Dynkin diagram

of s50(9, C) does not contain two disjoint simple edges. O

Theorem (3.12) The following compact groups are unacceptable: SU(mn)/ iy,
n > 3; SU(16n)/uz; SO(2n,R), n > 4; PSO(6n,R), PSO(16n,R), and the
compact real forms of PSp(16n) and Spin(n), n > 9.

Proof. Immediate from Propositions 3.3, 3.4, 3.5, 3.7, 3.8, and 3.10 by applying

the contrapositive form of Proposition 1.7. O
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