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A group G is acceptable if a homomorphism from a nite group to G is
determined up to conjugation by the conjugacy classes of the elements ( ). Some

progress is made toward classifying acceptable Lie groups.

x0. Intro duction

Let G denote the set of real points of a linear algebraic group and a nite
group. Let G' denote the set of conjugacy classesof G. For any homomorphism
I G, let '\ denote the composition of with the canonical map G !

G'. If, for two homomorphisms 1; »: ! G, \1 = \2 we sa that ; and

o are element G-conjugate . We would like to know whether two elemen-
conjugate homomorphisms 1, » must be globally G-conjugate , i.e., whether

\ determinesthe isomorphismclassof . We call a Lie group G acceptable if
elemen-conjugacy implies global conjugacy for every nite  and ewery pair of
homomorphisms ! G.

The general question of the relation between elemen-conjugacy and global
conjugacy arisesin many corntexts in algebra, number theory, and geometry.
The particular slice of the question consideredin this paper was motivated by
multiplicit y-one questionsin the theory of automorphic forms [1]. Thanks to the
theorem of Sunada|[9], it is closely related to the question of when a compact
group can be the common covering spaceof a pair of non-isometric isospectral
manifolds. In fact, if ;, . are elemern-conjugate homomorphisms ! G, and
the image groups () are not conjugatein G, then G= () and G= ,() are
such a pair. Note that if has outer automorphisms, () may be globally
conjugate even if | are not. In a subsequeh paper, we will give examplesof
isospectral manifolds arising in this way.

This paper is a step toward the classi cation of acceptablegroups. The rst
sectionis dewoted to generalities,including the reduction to the caseof semisimple
groups G. The remaining two sectionsgive an incomplete treatment of the case
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that G is simple, X2 being dewoted to acceptableand x3 to unacceptablegroups.
All algebraic groups are assumedto be connected unless otherwise speci ed,
though the assaiated real Lie groups may not be.

As a specimenof the results preserted below, the following table summarizes
what is now known about the acceptability of the complexsimple Lie groups:

Root System Group Acceptable Unacceptable Unkno wn
An 1 SL(n; C) all
Aoy 1 SL(2n;C)=f 1gn=1 gin otherwise
Amn 1 SL(mn; C)= al (m 3)
B, (n 2) Spin2n+1,C) n=2 n 4 n=3
SO(2n+ 1;C) all
Ch (n 3) Sp2n;C) all
PSp(2n; C) 8in otherwise
D, (n 4) Spin(2n;C) n 5 n=4
SO(2n; C) all
PSQO(2n; C) 8in otherwise
Other (2jn; n  6) all
Es simply connected v
adjoint Vv
= simply connected v
adjoint v
Es Eg(C) v
Fa F4(C) J
G2 G2(C) J

| want to thank J. Arthur and D. Blasius for suggestingthis problem. | also
want to acknowledge useful conversations with E. Calabi, D. DeTurck, and S.
Shatz and to thank the refereefor his careful reading of and many improvemerts
to an earlier version of this paper.

x1. Generalities

Unless otherwise speci ed, G, G;, H etc. denote the groups of R-points of
connectedlinear algebraic groups. Of particular interest (seethe table above) is
the caseof groups obtained by Weil restriction of scalarsfrom C to R.



Proposition (1.1) Let G; and G, be two real linear algebaic groups. Then
G = G; G, is acceptableif and only if G; and G, are both acceptable.

Pro of. Suppose G; and G, are acceptable. Let ; : ! G be elemern-
conjugate homomorphisms. Let ; (resp. i) denotethe composition of (resp.
) with the projection map from G! G;. As ‘= \,it followsthat } =

for i = 1; 2. Therefore,
i =0 ig !
for someg 2 Gj, so
= (%) (g%) U

Conversely if G is acceptable,forn 2 f1;2g,let ,; ,: ! Gj denoteelemen-
conjugate homomorphisms. Let (resp. ) denotethe composition of |, (resp.

n) with the canonicalinclusion G, G. Then and are globally conjugate,
SO

=(0150) (%) 1 0= 0O G
Thus G, is acceptable. t

(1.2) Everylinear algebraicgroup G over a eld of characteristic zerohasa Levi
decomposition G = N 1M, whereM is reductive and N is the unipotent radical
of G (see,e.qg. [2] 0.8). The derived seriesN = N7 Nz = [N3;N;] Nz =
[N2; N2] N, = (0) has quotients which are commutativ e and unipotent,
i.e., vector spacesover R. As N is normal in G, soare all the N;. The following
proposition reducesthe study of acceptablegroupsto the reductive case:

Proposition (1.3) G is acceptableif and only if M is.

Pro of. SupposeG is acceptable.Let 1; »: ! M denote elemen-conjugate
homomorphisms, and let ¢ be obtained by composing ; with the injection
M  G. Then

As N is a normal subgroup of G,
23()=n(m 3)m Hn *=m §()m n° 8 2

AsM\ N =flg, n° =1, ;and , areconjugatein M. Suppose,corversely
that M is acceptable. Let M; = G=N;, soM; = M. We useinduction on n
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to prove that M, = G is acceptable. The induction step requires the following
claim: if M %is acceptable,and

11 v M% MmO 1

where V is a commutativ e unipotent group, then M %is acceptable. Consider a
pair of elemen-conjugate homomorphisms 1; ,: ! M9 The compositions
Qand Jof jand ,with M M %areconjugate, sowithout lossof generality
we may assumethat they are equal. They de ne an action of onV. It is easily
cheded that
c = 1() ) 2V=R"Y

is a 1-cacycle in H( ;V) and a coboundary if and only if 1 and , are con-
jugate by an elemen of V. But R[] is a semisimplealgebra, so all the higher
cohomologygroups vanish. The proposition follows. t

Proposition (1.4) Let G be the group of real points of a connected reductive
algebaic group, G* its identity componentin the strongtopology, Z (G) its center,
and D its derived group. If Z(G)G*™ = G, then G is acceptableif and only if D
is.

Pro of. As G is reductive, DZ(G) contains G* and henceis all of G. Thus
Z(D)=2(G)\ D, so
D ¥ b=z (D)~G=zZ(G) ¥

is an isomorphism. This implies that two elemeris of D are D-conjugate if and
only if they are G-conjugate. Therefore, if G is acceptable,sois D. Suppose,
corversely that D is acceptable. Let ;; ,: ! G be elemen-conjugate. As
D is normal in G,

f 2 j()2Dg=f 2 j »()2Dg¥% ©

The restrictions 1j o and ] o are therefore elemen D -conjugate and hence
globally D-conjugate. Without lossof generality, therefore, the restrictions may
be assumedequal. As G=D is commutativ e, the compositions of ; and , with
G! G=D must coincide, so

1(x) 2(x) 12D
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for all x. De ne
T=1(;d)2 Dj 2()=dg;

where denotesprojection from a group to its adjoint group, and let : ~! D
denote the projection pr,. Although the squarein the diagram

~ !2

D
pri # # &
G !

!2

Gad = pad

does not necessarilycommute, the two homomorphismsfrom ~ to D2¢ are the
same,so the obstruction to commutation,

()= 200 * 2(pru(x));
is a homomorphismfrom ~ to Z(G). De ne
T(X) = 1(pra(x)) (x) = a(pri(x)) 2(pri(x)) *2(x):

As 1(y) 2(y) 2 D, we have = () D. By hypothesis, there exist elemers
O« 2 D forall x 2 sud that

1(X) = o 2(X)g *:
As (x)2 Z(G) forx 2 7
(X)) = a(pri(x)) (x) = Opr 1 (x) 2(pr1(x))gprll(x) (x) '= gprl(x)~2(x)gprll(x)3
SinceD is acceptable,there existsd 2 D such that
do(x)d 1= SH(x) 8x2
Therefore,
d ' o(pra(x)d=d *%(x) (x)d= "1(x) (x) = 1(pri(x))

for all x 2 7 As = mapsonto , this implies that ; and , are globally
G-conjugate. t



Corollary (1.5) If G is the group of complex points of a connected reductive
algebaic group, and D is its derived group, then G is acceptableif and only if D
iS so.

Proposition (1.6) Let Gg denotea real algebaic group and Hg a sulgroup. If
G(R) is compact, then two elementsof G(R) are H (R)-conjugate if and only if,
as elementsof G(C), they are H (C)-conjugate.

Pro of. One direction is obvious. The other is proved by adapting the method
of [6] 2.2.2. For any irreducible real represenation of G, let V denote the
corresponding left G-module and W the right G-module assaiatedto V . Then,
asa (G; G)-bimodule, L?(G; R) decomposes

M
L2(G;R)= VW

As a vector space,V W = Homg(V ;V); the subspaceon which (h;h 1)
acts trivially for all h 2 H is Homy (V ;V ). Every extendsto a complex
represettation, ~ of G(C), and ewvery elemen of Homy (gy(V ;V ) extendsto an
elemen of

Homy (c)(V-; Vo),

and thus to a holomorphic function on G(C) invariant by H (C)-conjugation.
As H(R) is compact, H (R)-orbits are closed, so any two distinct orbits can
be separatedby a squareintegrable function on G(R) invariant by conjugation
by H(R). Somecomponert 2 Homy r)(V ;V ) must therefore seperate the
orbits. As the function extends to a H(C)-invariant function on G(C), the
corresponding H (C)-orbits must be distinct. t

Proposition (1.7) If G is the group of complex points of a connected reductive
algebaic group and K is a maximal compact sutgroup of G, then K is acceptable
if and only if G is acceptable.

Pro of. SupposeK is acceptableand 1; ,: ! G are elemen G-conjugate.
We can take K to be the group of real points of an algebraic group of which
G is the group of complex points. As all maximal compact subgroupsof G are
conjugate, the nite groups 1() and () canbe conjugatedto lie in K. By
Proposition 1.6, two elemers of K are K -conjugate if and only if they are G-
conjugate. Hence, 1 and 5 can be taken to be elemen K -conjugate, hence
globally K -conjugate, henceglobally G-conjugate.
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Conversely suppose G is acceptableand 1; »: I K are elemen K-
conjugate. Then they are elemen G-conjugate, henceglobally G-conjugate. Let
H be the real algebraic group such that H(R) = K and H(C) = G. Apply
Proposition 1.6 to the diagonal inclusion

H H H H=H ;

to concludethat ! ;( )and ! ,( ) areglobally K = H(R)-conjugate.ti

x2. Acceptable Groups

This section proves that many simple groups, including the classical groups
SL(n; C), O(n; C), and Sp(2n; C), are acceptable. Someof the results seemto
be already known, but for lack of referenceswe work from scratch.

Proposition (2.1) The groupsGL(n; C) and SL(n; C) are acceptablefor all n 1.

Proof. If 1; 2. ! GL(n;C) areelemen-conjugate, the charactersassaiated
to these two represemations of are the same. Therefore, the isomorphism
classesof the represenations are the same,which means ; and , are globally
GL(n; C)-conjugate. The caseof SL(n; C) follows from Proposition 1.4. t

Proposition (2.2) The groups GL(n; R) are acceptablefor all n. The groups
SL(n; R) are acceptablefor n = 2 and for odd n.

Proof. Let G = GL(n;R), and 1; »: I G elemen-conjugate homo-
morphisms. Decompose C" asa ,()-mo dule into isotypic componerts V; =

W; C" wherethe W; areirreducible. By Sdwur's lemma,

Y
H=Zg(nc) 2() =  GL(n;;C):

i
Let denote the permutation sud that V; = V (. Thus complex conjugation
exchangesthe i™ and (i) componerts of H wheni 6 (i) and acts in the
usual way wheni = (i). In particular,
1 0 1
~ Y Y
HGA(CR) - @ GL(n;;C)A @ GL(ni;R)A:
i< (i) i= (i)
If i c denotesthe composition of ; with GL(n;R) ! GL(n;C), then \1;C =
\2;c’ S0 1.c and ,.c are conjugate. Chooseg 2 GL(n; C) sud that

()=g2)g?t 8 2
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Conjugating both sides,we deduce

2()=9 g 2()9 'g;

sog g2 H. Let a : Gal(C=R) ! H denotethe 1-cocycle 7! g * (g) (in
non-abelian cohomology). If it is a coboundary h * (h) for someh 2 H, then
hg 12 HG(C=R) G, and

hg * 1()gh *=g ' 1()g= 2();

so 1 and  areglobally G-conjugate.

We conclude by shawing that H(Gal(C=R);K (C)) = 0; when the alge-
braic group K is either GL(n), or the Weil restriction Resg-grGL(n). The
rst casefollows from a suitably generalizedform of Hilb ert's theorem 90 ([7]
| 5.2). The secondcaseis easyto ched: the cocycle condition for a 1-cochain
Gal(C=R)! GL(n;C) GL(n;C)isa a = 1, where denotecomplex conju-
gation. Equivalertly, a = (A; A 1) for someinvertible complex matrix. Then
a isthe coboundary of b= (A 1;1). This provesthe acceptability of GL(n; R).
The acceptability of SL(n; R) for odd n follows from Proposition 1.4. For n = 2,
the unitarian trick shows that every nite subgroup of SL(2;R) can be conju-
gated into a xed subgroup SO(2 R) and is therefore cyclic. Elemert-conjugacy
of a generatorimplies global conjugacy t

Proposition (2.3) For all n, O(n; C) is acceptable; if n is odd, SO(n; C) is
acceptable.

Proof. If 1; 2: ! SO(n; C) are elemern-conjugate, their compositions with
the inclusion i: SO(n; C) ! GL(n; C) are globally GL(n; C)-conjugate. As n-
dimensional represenations of , i ; andi ; have the samedecomposition into

isotypic componerts

L NT
(2:3:1) Vi c™M= Vv Ccm;

i=1 i=1
where the represetations V; = V% are irreducible. The inclusion i gives eadh
side of (2.3.1) a symmetric inner product. The existenceof an isomorphism of
-mo dules preservingthe inner product implies the O(n; C)-conjugacyof ; and
». By restriction, eah V; C™i and henceead V;, acquires a symmetric
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self-duality which respectsthe -action. Likewise,eah V% inherits a symmetric
self-duality. It su ces to shaw that, up to scalar multiplication, there is at most
one self-duality which respects a given irreducible -representation V. But by
Sdwr's lemma,

1 dim(Hom (V :;V)) = dim (V 2?) dim Sym?(V)

Therefore, O(n; C) is acceptable. If n is odd, SO(n;C)f 1g = O(n;C), so
O(n; C)-conjugacy implies SO(n; C)-conjugacy. t

Proposition (2.4) For all n, Sp(2n; C) is acceptable.

Proof. If 4; 2: I Sp(2n;C) are elemen-conjugate, their compositions
with the inclusion i: Sp(2n; C) | GL(2n; C) are globally GL(2n; C)-conjugate.
Decompose ; and , as 2n-dimensional represemations of , to obtain a -
module isomorphism

N (YL
(2:4:1) Vi cMm=  v0 cm

i=1 i=1
Each side is endoved with a perfect anti-symmetric duality which respects the
action of . The restriction of this pairing to a factor V; C™i is either perfect
or zero. As actstrivially on C™i, the spaceof -homomorphisms Vv, C™i |
(Vv CM™) isafreeEnd(C™i)-module. If V is an irreducible -representation,

1 dimgygcmiy(Hom (Vi C™) ;v C™))
. V2 m: .
dimgpg (cmi)y v C™)
Therefore, up to the action of End(C™i), there is at most onestructure of perfect
anti-symmetric pairing onV; C™ which respectsthe action of . If the pairing
onV; C™i is zero,there must be a correspnding dual factor V; C™i, m; =

m; in the direct sum decomposition (2.4.1). Then any -isomorphism between
V, CM™ andV,® C™ admits a unique extensionto a symplectic -isomorphism

\/i cmi \/J CM = \/iO cmi \/jO CcMi-

Therefore, ; and , areglobally Sp(2n; C)-conjugate, by the argumert of Propo-
sition 2.3. tl



Corollary (2.5) The unitary group SU(n), and the compact orthogonal and sym-
plectic groups, SO(2n + 1;R) and Sp(2n; C)\ SU(2n), are acceptable.

Pro of. Immediate from Propositions 2.1, 2.3 and 2.4 by virtue of Proposition
1.7. t

Lemma(2.6) Let A denotea xed elementof U(n) and X o the set
Xa=fM2UM)jAMA 1= Mg
Then every elementof X o hasa squae root in Xa.

Pro of. ChooseM 2 X . As M is unitary, it is diagonalizable:M = BDB 1,
where B is unitary and D is unitary and diagonal. Choose, for ead complex
number which appearsasa diagonal ertry of D, a xed logarithm, and usethese
choicesto construct a diagonal matrix L suc that D = €~ and D and L have
the samecertralizer in GL(n; C). As D is unitary, L is purely imaginary. Now,

D=B 'MB=B !AMA B=B AB 'DBA !B:

sothe matrix B *A'B ' liesin the certralizer of D and thereforein the certral-
izer of L. In particular, it commutes with ez. Therefore, N = BezB !, which
is evidertly a squareroot of M, satises ANA 1= N. On the other hand, N
is the product of the exponertial of the skew symmetric matrix % with unitary
matrices. HenceN 2 Xa. t

Lemma(2.7) If T denotescomplexconjugation, then G = SU(3) IhTi is accept-
able.

Pro of. Consider elemen-conjugate homomorphisms 1; »: ! G. The com-
positions of ; with G! hTli = Z=2Z are elemen-conjugate, henceidentical.
Let

°= ;HSUE) = M (SUE));

and let ¢ denotethe restriction of ;to % Foreah °2 9 9( 9 isconjugate
eitherto 9( 9 or 9( 9. By Corollary 2.5 (abusing notation by writing 2 also
for the assaiated 3-dimensionalrepresettation of 9 ¢ %and 9 9 are
equivalent 6-dimensional represenations of ° If either { is irreducible, this
meansthat ¢ is globally SU(3)-conjugateto 9 or 9 and in either caseglobally
G-conjugateto 9. If not, decomposethe unitary represefations:

0 — 0 —
1~ 2~
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By conjugating 9 if necessaryby T, may be taken to be the 2-dimensional
factor. Sincethe 9-dimensionalunitary represemation ° 9 doesn't depend on
i

If isirreducible, its tensor product with any character is irreducible, so

is isomorphic to or . Thus, there are three possibilities: s itself
reducible; =  (in which case ? is globally SU(3)-conjugateto 9); or 6
but 2=

Consider the casethat is reducible, i.e., that = , Where = 1.

Matching charactersin

either =, which implies = ; = , which implies = ?; = ;

= , which implies = ; or =, which implies 1 = = = If

, ,and are all powersof a common character, the ? factor through a cyclic

group, so elemen-G-conjugacy implies global-G-conjugacy without further ado.

If = ,then 9 = 9. The remaining possibility is that = . But by
symmetry, we can alsoconclude = , and therefore 2= 9.

If isirreducible, it must be of dihedral, tetrahedral, octahedral, or icosahedral
type, according to its composition with U(2) ! PSU(2) = SO3;R). If = ,
we are done immediately, sowe may assume 2 6 1. Since 2= wehave
Tr( (x)) = 0 for all x outside the proper subgroupker( 2) of © This rules out
all but the dihedral case,and every unitary character on a dihedral group is real.
Thus = , contrary to hypothesis.

Without lossof generality, then, the restrictions of ; and >to “may betaken
to coincide. If = 9 we are doneat this point, sowithout lossof generality we
may assume = %= Z=2Z. From this point on, it no longer matters that the ;
are elemen-conjugate; it is enoughthat they are homomorphisms. Let

H 0
(0= 109 200 1= P IX2

where lies in the certralizer, Z, of ( 9 = ,( 9 in SU(3). We seekz 2 Z
such that ; and , are conjugate by z. The conjugation action of ;( ) on Z
dependsonly on the imageof in = %= Z=2Z, sothis is equivalert to saying

11



that the non-abelian 1-cocycle de ned by in HY(Z=2Z;Z) is trivial. We have
the following cases:

i) q1isirreducible; Z = 3.

i) 1= :Z = U(@).

iii) 1 is asum of three distinct characters;Z = T, a maximal torus.

iv) 1 is a sum of two characters, one with multiplicit y 2; Z = S(U(2) U()) =

U(2).
V) 1 is three times a single character; Z = G.

To seethe action of Z=2Z on the certralizer, it is useful to conjugate so that

1() liesin a block-diagonal subgroup of SU(3). The generator of Z=2Z acts
by the product of the transpose-irverseautomorphism and ad(n), wheren liesin
the normalizer Ngy@g) 1(). In cases(i){(ii) we have ordinary (abelian) group
cohomology In case(i), the cohomologyis killed by 2 and 3 and is therefore
trivial. For caseq(ii) and (iii), the compacttorus T is the quotient of its universal
cover by its cocharacter group X (T), so

H1(Z=2Z:T) = H?(Z=2Z;X (T)) = X (T)?™2%=Trz_pz X (T):

For case(ii), the cohomologyvanishesbecausethe action of Z=2Z is non-trivial.
For case(iii), the action can be any outer automorphism of the root systemA,
which is of order 2, and it is easily chedked that in eat casethe cohomologyis
trivial. Cases(iv) and (v) follow from Lemma 2.6. Indeed, since the action of
Z=27 (whether on elemens of U(2) or of SU(3)) is givenby M 7! A'M A 1
for some unitary matrix A, a 1l-cocycle is given by an elemen M sud that

MAM™M A 1 =1, ie, suh that M 2 X,. Therefore, there exists N 2 X4
with N2 = M. The boundary of the 0-cycleN ' is ANA N = N2= M, so
the cohomologyis trivial. t

Proposition (2.8) The complexLie group G, andits compact form are acceptable.

Pro of. In this case,the compactcaseis easier,and the complexcasefollows from
Proposition 1.7. Let G = G, becompact,andlet i; ,: ! G denoteelemen-
conjugate homomorphisms. Composethe ; with the 7-dimensional orthogonal
represetation  of G, (the action on tracelessreal Cayley numbers) to obtain
elemen conjugate homomorphisms 1 and , from to SO(7;R). By 2.5,
there exists g 2 SO(7; R) such that

(1(N=9(2aA0Ng* 82
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Thus,
(2:8:1) ( 10)) (G)\ g (G)g *:

This intersection of 14-dimensional subgroups of a 21-dimensional group must
have dimension 7. Its identit y componert is therefore a compact connectedLie
group of reductive rank 2 and dimension 7 which admits a homomorphism
to G,. By classication, the only groups of this kind are U(3), which is the
stabilizer of a non-zerovector in , and G = G, itself. As G, has no outer
automorphisms, its normalizer in SO(7;R) equalsits certralizer in SO(7;R),
which, as the represertation is irreducible, is G,Z (SO(7;R)) = G,. It follows
that if the intersection 2.8.1is isomorphicto G, theng2 G, so ; and , are
globally G-conjugate. It suces to treat the case (G)\ g (G)g * = SU(@3).
The identit y componert is always a normal subgroup, so

(G)\ g (G)g ' Ng(SU@B)):

The normalizer of SU(3) is SU(3) 1hTi, in the notation of Lemma 2.7; it consists
of the subgroup of G which stabilizes a line in the spaceof traceless Cayley
numbers V.

Thus ( 1()) Iis contained in the stabilizer SU(3) 'hTi of someline L, in
V, and likewise ( »()) is contained in the stabilizer of someline L,. As G
acts transitiv ely on the unit spherein V, without loss of generality () and

2() lie in the samesubgroup SU(3) 1hTi of G. If thesetwo homomorphisms
are elemen SU(3) IhTi-conjugate, the proposition follows from Lemma 2.7. In
fact, by virtue of the proof of 2.7, it suces to prove elemern-conjugacy on
the subgroup °= ,1(SU®)) = ,(SU(3)). Now, every elemer of SU(3) is
conjugateto an elemen in its diagonaltorus T = S(U(1) U(1) U()). AsG
is of rank 2, this is alsoa maximal torus of G. Elemerns x;y 2 T are G-conjugate
if and only y = w(x) for somew 2 Wg. As Wg = Dg = h 1iD3z = h 1liWgyg,
this is equivalert to the condition y = w(x 1) for x and y to be conjugate in
SU(3) IhTi. t

x3. Unacceptable Groups

In this section we give seeral examplesof unacceptablesimple groups. Com-
paring the following results with those of x2, we seethat acceptability is presened
neither by twisting nor by isogery. Proposition 3.3 is due to Serre[1] but the
rest seemsto be new.
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(3.1) Let
o! z! G! G! O

denotea certral extensionof real Lie groupsand 2 H?(G; Z) the corresponding
classin group cohomology(see,e.g., [4], Ch. XIV, x4.) Given a homomorphism
I G, the cohomologyclass

()2H2(;2)

is invariant under global G-conjugation of . Indeed,lifting ( ), ( ),and ( )
to elemerns e; € f respectively, () is given by the 2-cacycle

z. =~ %

If ,=g 19 thenwecanlift gto g andlift eadvg g *to g~g ! to obtain

2, =gz, 8 =z
We use this cohomology classin sections 3.3{3.5 and 3.7 to show that certain
elemern-conjugate homomorphismsare not globally conjugate.

Lemma (3.2) Two semisimpleelementsg;; g, 2 GL(n; C) are conjugate if and
only if Tr(gy) = Tr(g5) for alln 2 N.

Pro of. Two semisimple elemens of GL(n; C) are conjugate if and only their
characteristic polynomials are the same. The Newton identities allow us to write
the elemenary symmetric functions as polynomials in the power sums, so the
latter determine the former. t

Proposition (3.3) If m 1, n> 2, then GL(mn; C)= , and SL(mn; C)= , are
unacceptable.

Pro of. Let = (Z=nZ)2. The Heiserberg group, X (n), i.e., the group of upper
triangular 3 3 unipotent matrices with ertries in Z=nZ, is a certral extensionof

by Z=nZ. Let ; and , denoteirreducible (n-dimensional) complex represen-
tations of X (n) whosecertral characters, ; and , respectively, are primitiv e
and di erent. Explicitly, ; mapsthe generatorsof to

00 1 0 ol 01 0 0 o 1
0 01 0 0 e(a=n) 0 0

= 0 0O 0 and = 0 0 e(zaj :n) 0 :
100 0 0 0 0 e( a=n)
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where e(z) = € 2, and g is prime to n. The matrix 2 b is tracelessunless
both a and b are divisible by n, so Tr( j(x)) = 0 for every x 2 X (n) outside
the certer Z(X (n)) = Z=nZ. Let k denote the lowest positive integer suc that
xk 2 Z(X(n)). As

0 1, O 1
1 a b 1 ka k(b+ (k 1)ac=2)
@0 1 cA =@0 1 kc A

0 0 1 0 0 1

and . and , are primitiv e, we have
2(x) 1(xF) t= K

for some 2 . This is completely clearif n is odd, and still true if n is even,
since » ; Lis then the squareof a character of Z=nZ. Therefore,

Tr( 2(x)') = Tr( 1(x)")

for all i. It follows that the assaiated homomorphisms ;: ! GL(n;C)= ,
are elemen-conjugate. If they were actually globally GL(n; C)= ,-conjugate,
howewer, the homomorphisms i, i = 1; 2, would coincide up to a character of
X (n). Sinceevery character of X (n) is trivial on Z(X (n)) = [X (n); X (n)], this
is impossible. More generally, letting ["; i = 1; 2; denote the homomorphisms
obtained from |i—{Z } by dividing through by ,, the two homomorphisms
m times
are elemern-conjugate in GL(mn; C) (evenin GL(n; C)™= ), but not globally
GL(mn; C)= ,-conjugate. t

Corollary (3.4) PSQO(6n; C) is unacceptable.
Pro of. Immediate from PSO(6;C) = PSL(4;C). By comparison,

PSO(4;C) = SO(3;C) SO(3;C)

is acceptable.

Propositions 2.1 and 3.3 leave open the acceptability of quotients of GL(2n; C)
or SL(2n;C) by ,. For n = 1 the isomorphism SL(2;C)= , = SO(3,C) gives
an armativ e answer in light of Proposition 2.3. The rest of our knowledge is
contained in the following proposition. t
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Proposition (3.5) For all n 2 N, GL(16n; C)= , is unacceptable.

Proof. Let = (Z=4Z)?. Consider the certral extension, X, of , order 32,
de ned by the elemen

(3:5:1) [2y]= [( 1YY12H?(; 2):

It is easily cheded that this represeits a non-zerocohomologyclass. Choosean
assaiated set of liftings x 2 X of elemens of sud that the identity of lifts to
the identity of X . The order of x is always the sameasthat of x, sincezyxx = 0
for all k 2 N. It follows that the generator z of ker(X ! ) is not a power
of any other elemernt of X. Let ; denote the regular represetation C[] of ,
viewed as an X -represettation, and let , denoteker(C[X]! CJ[]). Theseare
both 16-dimensionalrepresetations, and they are elemer-conjugate on X nf zg.
Indeed,

Tr( 1(x)) = Tr( 2(x)) = G;
for all x 62 1;zg, soby Proposition 3.2, it su ces to recall that z is not a power
of any other elemen of X .

Now considerthe maps ;: ! GL(16;C)= , obtained from ; by passing
to the quotient. They are certainly elemen-conjugate. By 3.1, they cannot be
globally conjugatesince ; lifts to ahomomorphism ! GL(16;C) and therefore
de nes a trivial classin H?( ; ,) while , doesnot lift and therefore de nes a
non-trivial class. This disposesof the casen = 1. More generally, writing

for ; C",and [ for the the quotient homomorphism ! GL(16n;C)= »,
the sameargumert showsthat ! and 5 areelemer-conjugate but not globally
conjugate. t

Lemma(3.6) Foralln2 N,

i) two semisimpleelemernts, x; y 2 GSp(2n;C)  GL(2n; C) are conjugate in
GSp(2n; C) if they have the samemultiplier and are GL(2n; C)-conjugate.

i) two semisimple elemerts, x; y 2 SO(2n; C) GL(2n; C) are conjugate in
SO(2n; C) if they are conjugate in GL(2n; C), and, aselemerns of GL(2n; C),
have at least one eigervalue 1.

Pro of. As x 2 GSp(2n; C) is semisimple,it belongsto a maximal torus, Tgsp,
which is a subsetof a maximal torus Tg. of GL(2n). We can choosecoordinates
on TgL = C 2" sothat Tgsp is de ned by

X1X2 = X3X4 = = Xon 1Xo2n:
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Every semisimpley 2 GSp(2n) (resp. GL(2n)) is GSp(2n)-conjugate (resp.
GL(2n)-conjugate) to an elemen of Tgsp (resp. TgL), soto prove (i), it suf-
ces to show that two elemerts of Tgs, are GSp-conjugate if and only if they
are GL-conjugate. Two elemerts of Tgs, are GSp- (resp. GL-) conjugate if and
only if they lie in the sameorbit of the Weyl group Wgsp = (Z=2Z)" 1S, (resp.

Wagsp-conjugate if and only if they have the same unordered set of unordered
pairs of coordinates:
(3:6:1)

Any permutation of the x; which presenesthe valuesxiX,; X3X4;  Xon 1X2n
presenesthe set of pairs (3.6.1). This gives(i).
For SO(2n;C), Tso TgL is de ned by

X1X2 = X3Xg4 = = Xon 1Xon = L

Two elemerts of Tsp are conjugate if and only if they lie in the same orbit of
the Weyl group Wso = H 1S, whereH  (Z=2Z)" is the subgroup of n-tuples
whoseenries sum to zero. Therefore, two setsof ordered pairs

correspond to conjugate elemens of SO(2n) if and only if one can be obtained
from the other by replacing an even number of ordered pairs (x; x 1) by (x %;x)

If somex; = X, 1= 1, this condition is equivalert to (3.6.1). This gives(ii). t

Proposition (3.7) For all n 2 N, PSp(16n; C) and PSO(16n; C) are unaccept-
able.

Pro of. Recallthe groups and X and the represettations ' de ned in Propo-
sition 3.5. It su ces to show that C16" admits an orthogonal (resp. symplectic)
inner product which ; and 5 respect (resp. up to scalar multiplication), and
that 1(x) is conjugateto »(x) in SO(16n; C) (resp. GSp(16n; C).) It is enough
to ched this whenn = 1. A regular represetation is always orthogonal (tak-
ing f[x] j x 2 X g as an orthonormal basis of C[X]), sothe ; are orthogonal.
Since every cyclic subgroup is of even index in X, the ; land in SO(16;C). If
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Xo 2 X is acertral elemen of order 2,and : X ! U(1) is a character sud that
(X0) = 1, then up to scalar multiplication, X respectsthe symplectic pairing

XL IVl = (X) xoxy

on C[X]. If xo 62ker(X ! ), we may choose to factor through X !
Thus, the restriction of h; i to the represeniation spacesof ; and , are perfect.
Therefore, both ; and , can be taken to land in GSp(16; C), and both have
multiplier

By the proof of Proposition 3.5, 7(x) and 5(x) are conjugate for all x 62
ker(X ! ), soby Lemma 3.6 (i), they are likewise element GSp-conjugate.
Every elemen of X hasorder dividing 4, and the squareof an elemen of order

4 is not in ker(X ! ) (and hencehas at least one eigernvalue of 1). By 3.6
(i), therefore, outside ker(X ! ), the [' are elemen SO-conjugate. Therefore
the quotients [': ! GL(16n;C)= , of the [ are elemen GSp= ,-conjugate

(resp. elemen PSO-conjugate) homomorphisms. They cannot be globally con-
jugate becausethey are not ewven globally GL(16n; C)= ,-conjugate. We con-
clude that PSO(16n; C) and GSp(16n; C)= , are unacceptable. By Corollary
1.5, PSp(16n; C) is unacceptableas well. t

Proposition (3.8) For all evenn 8, SL(n;R), SO(n;R), and SO(n; C) are
unacceptable.

Pro of. Let denotethe Steinbergrepresenation of SL(3;Z=2Z) (see ¢ in [5]p.
3). The Frobenius-Séwr indicator is 1, so can be viewed as a homomorphism
to O(8;R). The value of Tr( ) on elemers of order 2, 3, 4,and 7is 0, 1,0,
and 1 respectively. From this, we deducethat the eigervaluesof (g) are given
by the table

Order of g Eigenvaluesof (g)
1 1:1;1;1;1;1;1; 1
2 1111, 1, 1, 1, 1
3 L1112 1212
4 L0 L1 0 i
7 1,1 ; 2% 3 4 5 ¢

where! and denotee? =3 and € =7 respectively. In particular, the image of
liesin SO(8;R).
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Let denote an injective homomorphismzZ=4Z ! SO(2;R). The certralizer
of (Z=4Z) in GL(2;R) is the group

a b a2+ >0
a

b

Let * denotethe 2k-dimensional orthogonal represetation of (Z=4Z)% in which
the i" Z=4Z-factor acts on the i R? summand. We set

= SI(3;2=2Z) (z=4z)"% % .= n=2 4. 1 so(n:R):
Let M denote any orthogonal n  n matrix with determinant 1, and let
»=M M 1 1 sO(n;R):

If ,=N 1N 1!forsomeN 2 SL(n;R), thenM IN isarealn n matrix with
negative determinant commuting with (). All real matrices which commute
with (Z=4Z) have positive determinant, and likewiseall matrices which com-
mute with  (SL(3;Z=2Z)). Therefore all real matrices commuting with  1()
have positive determinant, so 1 and , are not globally SL(n; R)-conjugate. A
fortiori , they are not globally SO(n; R)-conjugate. On the other hand, for any

2 , 1() xes somevectorv . Let N denote the re ection through v? .
ThenN M !2 SO(n;R), and

20)=M (M '=MN * (INM!

is SO(n; R)-conjugate to 1( ). We concludethat SO(n; R) and SL(n;R) are
unacceptable. By Proposition 1.7, SO(n; C) is unacceptable. t

Lemma (3.9) Let denotethe quotient map Spin(2n+ 1;C)! SO(2n + 1;C)
and :SO(2n+ 1;C) ! GL(2n + 1;C) the standard representation. If x is a
semisimpleelementof SO(2n + 1;C) suchthat 1 is an eigenvalueof (x), then
the two elementsof  %(x) are conjugate to one another in Spin(2n + 1;C).

Pro of. Let Tso denotea maximal torus of SO(2n+ 1; C) which contains x. Every
commutator in  1(Tso) liesin (1), sothe identit y componert of  1(Tgo) is
an n-dimensional commutativ e group of semisimpleelemerns of Spin(2n + 1; C).
Therefore 1(Tso) is amaximal torus of Spin(2n+ 1; C). Every maximal torus
of a connectedsemisimplegroup contains the certer, so

'(Tso) = *(Tso):
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We call this group Tspin -
Let T denote the universal covering group of a complextorus T. Then T =
C™®(T) | In particular,
Tso = Tspin = C™:

As ((T)= X (T), the bration Z=2Z! Tgun ! Tso givesriseto the homotopy
sequence
0! X (Tspin)! X (Tso)! Zz=2Z1 O

and its dual
0! X (Tso)! X (Tspin)! Z=2Z! O

Now SO(2n + 1;C) and Spin(2n + 1;C) are the adjoint and simply connected
Lie groups respectively with Lie algebraso(2n + 1;C). In standard coordinates,
therefore,

( " )
X (Tso)=Z 1+ +Zn; X (Tspin) = a i a @& 2Z7Z;2a2Z8ij
i=1
([3] Planche 11). In the dual basis ; of ;,
( 50 " )
X (Tso)=Z 1+ +Z ., X (Tspin) = aj | a 22z
i1 i=1

The quotient map
:C"! C"=X (Tso) = Tso = (C )"

sends

The Weyl group of Spin(2n + 1;C) with respectto Tgpn isW = f 19" 0 S;.
The action of W on Tspin is most simply described at the level of the covering
space Tgpin = C": 2 S, acts by permuting coordinates and (wx;:::;wp) 2
(Z=2Z)" acts by elemen-wise multiplication. Choose

(z1;::5,z0) 2 @ 1(X) Tso = Tspin:
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By hypothesis, someeigervaluee 2 ?i = 1, sosomez; 2 3+ Z. Letw2 W
denote the simple re ection through the j coordinate hyperplane. Then
1 0 1 !
X

X
w z;, =@ z ,A gz, zZ j  (mod X (Tspin)):
i=1 i6] i=1

Therefore, w xes x but permutes the two elemers of %(x). Choosing a
represenativ e n of w in the normalizer N of Tspin in Spin(2n+ 1; C), we conclude
that the two elemens of  1(x) are conjugate by n in Spin(2n + 1;C). t

Proposition (3.10) For all n 9, Spin(n; C) is unacceptable.

Pro of. Let Mo denotethe (non-simple) Mathieu group in A, andlet denote
the restriction of the standard 9-dimensionalrepreseration of Aig to Myg. For
information about M9 and Tr( ) we consult [5] p. 5, where they are denoted
Ag:23 and ¢ respectively; seealsoloc. cit. pp. 48{49, for information about the
connectionwith Aig. The Frobenius-Stwr indicator is 1, so is orthogonal. The
valuesof Tr( ) on elemerns of order 2; 3; 4; 5; 8are 1; 0; 1, 1, 1 respectively,
sothe eigervaluesof (g) are given by the following table:

Order of g Eigenvaluesof (Q)
1 1;1;1;,1;1,1;, 1,1, 1
2 1;1;,1,1,1, 1, 1, 1, 1
3 Ly ez
4 L1 L0 11 0
5 T
8 (N T F E A ¢
where! , ,and denotee? =3, €2 =5 ande =4 respectively. In particular, ()

liesin SO(9;R). Wedene and ;to make the following squarecartesian:

" Spin(9;C)
# #
M 10 ! SO(g, C)
Let : ! Spin(9; C) denote the composite map

I My !l Mig=Ag = Z=2Z = ker(Spin(9;C) ! SO(9:C)) ! Spin(9;C);

and set »(x) = 1(x) (x).

21



Suppose,for someg 2 Spin(9;C), »= g 19 > Let denotethe composition
Spin(9;C)! SO(9,C)! GL(9;C):

Then
(@ (20) (@ *= (200= () 82

so
(9) (M) (9) "= (m) 8m2 Myo:

As s irreducible, this means (Q) is a scalar. The only scalar orthogonal
matrix in SO(9; C) is the identit y, sog must lie in the certer of Spin(9; C). This
is impossible,since is non-trivial. Thus ;1 and » are not globally conjugate.
On the other hand, 1( )= 2( ) when ( ) isthe squareof an elemen of M o,
in particular, if () is of odd order. On the other hand, by Lemma 3.9 and the
table of eigervaluesabove, :( ) is conjugateto o( ) if ( ) is of even order.
Thus Spin(9; C) is unacceptable.

For all n 10, we realize SO(9; C) asthe subgroup of SO(n; C) which stabi-
lizes pointwise a subspaceH C" of codimension 9. There is a corresponding
covering homomorphism Spin(9; C) ! Spin(n; C). To seethat it doesnot factor
through SO(9; C), it su ces to note that the restriction of the spin represenation
from Spin(2k+ 1; C) to Spin(2Kk) is the sum of the semispinrepresenations, while
ead semispinrepresetation of Spin(2k; C) restricts to the spin represenation
on Spin(2k  1;C). If g2 SO(n; C), gSO(9; C)g ! is the stabilizer of gH, so

SO(9;C)\ gSO(9;C)g * = Stabso(n.cy(H + gH):

This intersection is of the form SO(m; C), wherem 9, and SO(m; C) is the
stabilizer of (gH + H)=H in SO(9; C). Moreover m = 9 if and only if gH = H,
in which caseg acts on SO(9; C) by inner automorphism. It follows that at the
level of covering spaces,

Spin(9; C)\ gSpin(9;C)g ! = Spin(m; C);

wherem 9 with equality if and only if g normalizesSpin(9; C). Now, the com-
position of eadh ; with the 9-dimensionalrepresenation  of Spin(9; C) is irre-
ducible. Let ' denote the composition of ; with the embedding Spin(9;C) |
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Spin(n; C). Evidently, the homomorphisms ' are elemen-conjugate. If there
exists g 2 Spin(n; C) sud that

5()=9f9()g* 8 2 ;

then
50) Spin(9; C)\ gSpin(9;C)g ! = Spin(m; C):

As , isirreducible, m = 9, and g acts by an automorphism of Spin(9;C). As
all automorphisms of Spin(9; C) are inner, this cortradicts the fact that ; and
2 are not conjugate. Thus Spin(n; C) is unacceptablefor n 9.
Note, by contrast, that for n 6, Spin(n; C) is acceptable, by Propositions
2.1,1.1,and 2.4. t

Proposition (3.11) The complex group F4(C) and its compact form are unac-
ceptable.

Pro of. By [8], one semisimple complex Lie algebra g contains another suc
algebra h of the samerank if and only if the ordinary Dynkin diagram of h is
obtained from the extended Dynkin diagram of g by deleting a vertex. We recall
([3] Planche VI 1) that the extended Dynkin diagram of F4 looks like this:

O—O—(C—F—O0—0

Therefore, so(9; C) is a Lie subalgebraof the complexLie algebraof typeF4. The
restriction of the 26-dimensionalrepresertation Vg, of the complex Lie algebra
of type F4 (following the notation of [3] Planche VII1I) to so(9; C) is the direct
sum of the trivial represenation, the standard 9-dimensional represenation
and the spin represemation. Therefore, the homomorphism Spin(9; C) ! F4(C)
is injective. The image of the compact form Spin(9; R) of the spin group lies in
a maximal compact subgroup F4(R) of F4(C).

Wedene and ;: ! Spin(9;C) asin Proposition 3.10. By the unitarian
trick, we cantake ; to land in the compactreal form Spin(9; R). By Proposition
1.6, 1 and , are elemert-conjugate as homomorphismsto Spin(9; R). Let [
denote the composition of ; with the homomorphism Spin(9; R) ! F4(R). As

1 and , are elemen-conjugate, the sameis true of [ and 5. Now suppose
that there exists g 2 F4(R) sud that

gf()g*= 5()8 2
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Then

() Spin(9;R)\ gSpin(9;R)g ! = K:
Since all automorphisms of Spin(9; R) are inner, if g lies in the normalizer of
Spin(9; R), it must decomposeg = g%, wherez liesin the certralizer and g°liesin
Spin(9; R) itself. This is impossible,since ; and , are not globally Spin(9; R)-
conjugate. Thus K is a proper subgroup of Spin(9; R). As dim(Spin(9; R)) = 36
and dim(F4(R)) = 52,dim(K) 20. As §5() liesin K Spin(9;R), is
an irreducible represenation of K. Now K is a compact, connected, linear
group, and its certer can be no larger than a maximal torus of F4(R), that is,
no more than 4-dimensional. Therefore, the derived group D of K is a compact
semisimplegroup of dimension 16. As D is normal in K, the restriction of to
D is a direct sum of isotypical represetations of equal dimensionsand therefore
either irreducible, the direct sum of three 3-dimensional represertations, or the
direct sum of nine 1-dimensionalrepresettations. As s faithful modulo certer,
the sameis true for jp. This rules out the last possibility, and the second
possibility is ruled out by the dimension of D. Therefore, the complexi ed Lie
algebra D of D is a complex semisimple algebra of rank 4 with a faithful
irreducible 9-dimensionalrepresertation.

Every irreducible represertation of a product g histhe exterior tensor product
of irreducible represenations of g and h. Sincea semisimpleLie algebrawith a
3-dimensionalfaithful represemation hasdimension 8,D = slI(3;C) sI(3;C),
or D is simple. The only simple complex Lie algebrasof rank 4 and dimension

16 are sl(5;C), so(7;C), so(8;C), sp(6;C), and sp(8; C). None of these has
an irreducible 9-dimensionalrepresetation. Finally, sI(3;C) sI(3;C) is not a
Lie subalgebraof so(9; C), becausethe extended Dynkin diagram

of so(9; C) doesnot cortain two disjoint simple edges. t

Theorem (3.12) The following compact groups are unacceptable: SU(mn)= ,
n 3; SU(1en)= ,; SO(2n;R), n 4; PSO(6n; R), PSO(161; R), and the
compact real forms of PSp(16én) and Spin(n); n 9.

Pro of. Immediate from Propositions 3.3, 3.4, 3.5, 3.7, 3.8, and 3.10by applying
the contrap ositive form of Proposition 1.7. u
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